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ABSTRACT

An important problem in process adjustment using feedback is how often to
sample the process and when and by how much to apply an adjustment.
Minimum-cost feedback schemes based on simple, but practically interesting,
models for disturbances and dynamics have been discussed in several particular
cases. The more general situation in which there may be measurement and
adjustment errors, deterministic process drift, and costs of taking an observation,
of making an adjustment, and of being off target, is considered in this article.
Assuming all these costs to be known, a numerical method to minimize the
overall expected cost is presented. This numerical method provides the optimal
sampling interval, action limits, and amount of adjustment; and the resulting
average adjustment interval, mean squared deviation from target, and minimum
overall expected cost. When the costs of taking an observation, of making an
adjustment, and of being off target are not known, the method can be used to
choose a particular scheme by judging the advantages and disadvantages of
alternative options considering the mean squared deviation they produce, the
frequency with which they require observations to be made, and the resulting
overall length of time between adjustments. Computer codes that perform the
required computations are provided in the appendices and applied to find
optimal adjustment schemes in three real examples of application.

KEYWORDS: Adjustment error, average adjustment interval,
mean squared deviation, minimum cost, process control, process
drift, tool-wear.
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1. INTRODUCTION

Two complementary approaches to process control
may be called process monitoring and process
adjustment (see Box, Jenkins, and Reinsel, 1994, Part
IV). The former is part of what is called Statistical
Process Control (SPC) and uses process monitoring
charts such as Shewhart, Cusum, and Roberts'
Exponentially Weighted Moving Average (EWMA)
charts to verify that a process remains in a stable
"state of control” and eliminate removable sources of
variation from the system. The latter, sometimes
called Engineering Process Control (EPC), uses, in
the simplest case, ‘manipulation  of some
compensating variable X to adjust a quality
characteristic to be close to target employing
feedback or feedforward control or sometimes a
combination of them. This article concerns feedback
control schemes for process adjustment or EPC.

1.1. MODELS FOR DYNAMICS AND
DISTURBANCES

Let X; be the setting of the adjustment variable at
time ¢. For example, X, might represent the current
catalyst formulation setting, which can be
manipulated to adjust the viscosity of a polymer as
close as possible to some target.

Suppose that observations and opportunities
for adjustment occur at discrete times ... t—1,¢, ¢+ 1
... equispaced at what we consider as anit intervals.
Suppose that an adjustment x; = X;—X,_| in the
"input" compensatory variable will produce gx; units
of change in the "output" quality characteristic which
has its full effect in one unit time interval. Moreover,
define the disturbance z; at time ¢ as the deviation
from target of the "ontput" quality characteristic that
would occur if no compensatory action were taken
(ie., if 31 =x;2=...=0). Then, at time ¢ + 1, the
disturbance is z;4+1 and the cumulative effect of the
adjustments x;, X1, ... is g(x + xp-1 + ... ) = gXp, 50

that the deviation from target with the adjustment
variable still set at the level Xy is &.,1 = z/41 + gX;.

A very important form of adjustment
employed in EPC requires setting X; 50 as just to
cancel an EWMA forecast Z,,, of z;,) computed at
time ¢ (see for example Box, Jenkins, and Reinsel,
1994), so that

X =-Z,/8 (1.1)

with

= Az, +6z,_ +6%2,_,...) (1.2)

where @ =1 — 4 and 0 < A £ 1. Although this
adjustment policy requires no assumptions
concerning the disturbance, it was shown by Muth
(1960) that the EWMA (1.2) produces a minimum
mean squared error (MMSE) forecast if the
disturbance is generated by the IMA(O, 1, 1) time
series model

Zpy1 =% =y — By, (1.3)

where the shocks a, are independent random
variables with mean 0 and variance oZ.

1.2. OVERALL EXPECTED COST
FUNCTION PER UNIT TIME
INTERVAL

Minimum-cost schemes generally depend on the cost
Cr > 0 of being off target for one time interval by an
amount of 0, and the fixed costs incurred each time
the process is observed Cys and/or adjusted Cyg.

Cyp and Cy negligible. If the operating cost
of being off target is a quadratic function of the
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deviation from target and is the only control cost,
then the control scheme in which “repeated
adjustments” that amount to (1.1) are made in each
time interval provides minimum cost. When using
this scheme, the process is sampled and adjusted
every unit time interval, to take advantage that Cyy
and Cy4 are 0, and the forecasted deviation from target
after an adjustment is made becomes 0.

Cyp negligible. The situation in which there
is a fixed adjustment cost C4 (for example, a cost of
stopping a machine and changing a tool) was studied
by Box and Jenkins (1963). These authors showed
that, in this situation, the repeated adjustment scheme
is no longer optimum and a "bounded adjustment”
scheme should be used to yield minimum overall
expected cost. This scheme requires that action
X, =—%,,, /g such as to produce a compensation
—Z,,; should be taken only when | A +l| crosses
either of the lines defined by ] €41 | = L, where the
forecasted deviation from target £,,, =Z,,, +gX, is
computed assuming that no adjustment is made at
time ¢, i.e., using X; = X,_;. The average interval
between adjustments measured in terms of the
original unit intervals is an increasing function of L
that equals 1 if L= 0. The optimal value of the action
limit L depends on the relative importance of the
costs C4 and Cr and, in particular, is an increasing
function of C4o/Cr that equals O when C4 =0. The
forecasted deviation from target after an adjustment is
made becomes [ £ | = 0, as in the repeated
adjustment scheme.

Cum, CA. and Cr non-negligible. Recently,
Box and Kramer (1992) generalized this minimum-
cost approach by considering also the sampling cost
Cp, i.e., the cost of taking each observation.
Supposing the process was initially sampled at unit
intervals, they considered the possibility of sampling
at intervals m units apart, where m is an integer, that
is, of reducing the observations and opportunities for
adjustment to the discrete equispaced times ..., tm—m,
tm, tm + m, .... If the disturbance is generated by the
time series model (1.3), then the sampled disturbance
is also an IMA(0, 1, 1) time series model like (1.3)
but with parameters 4,, = 1 — 8, and 0}, where

Alol=mita? | 8,02=00. (14)

The overall expected cost C per unit interval is
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c-Gu, G o MD
m  AAl o,

where AAI is the average interval between
adjustments measured in terms of the original unit
intervals, and MSD is the mean squared deviation
defined by

—

MSD-——-—E[E )’fef.m], (1.6)

]:0 k=

where mn 2 m is the interval between adjustments
and mE{(n} = AAI

In this case, the minimom-cost scheme is
also a bounded adjustment scheme requiring action
Xom = —Zpmam /&, Such as to produce a compensation

~Zyem»> Only when | &,,, I crosses either of the
lines defined by | Emsm| = L, where £, =
Zomim + & X 18 computed with Xpn = Xpm—m. The
AAl is an increasing function of L that equals m for L
= 0, and the forecasted deviation from target after an
adjustment is made becomes | Egmim | = 0 as when
Cp = 0. However, the process is now sampled every
m original unit intervals and the optimal values of the
sampling interval m and the action limit L depend on
the costs Cpg, C4, and Cr.

Several methods for obtaining
approximations for the AAI and MSD in (1.5) have
been given by Box and Jenkins (1963), Kramer
(1989), and Srivastava and Wu (1991), and for the
case A=1, by Crowder (1986) and Adams and
Woodall (1989). More recently, Box and Lucefio
(1994) provided two linear integral equations that
characterize exactly the AAT and MSD when m = 1.
These integral equations are conceptually simple
because they can be regarded as infinite dimensional
linear systems of equations, and can be solved
numerically by discretization.

Other writers including Taguchi (1981) and
Srivastava and Wu (1991) have considered a similar
problem; but they use charts in which action is based
on the actual value z instead of the EWMA Z,,,. On
the assumptions mentioned above, their schemes are
not optimal when the non-stationarity measure A is
different from 1 (see Adams and Woodall, 1989).
Lucefio (1993a) showed that the main loss of
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efficiency arose from making an adjustment
producing a change —z; instead of the optimal change

—Zr41-

Deterministic process drift. The drift
version of this problem has been characterized as the
"tool-wear" problem and has been considered by
several authors; see, for example, Drezner and
Wesolowsky (1989) and Schneider, Tang, and
O'Cinneide, (1990). Recently, using a slightly
different but equivalent formulation, Jensen and
Vardeman (1993) developed optimal adjustment
policies in the presence of deterministic process drift
and random adjustment error for the particular case in
which the sampling cost Cpy was negligible. These
authors showed that, disregarding a short starting
period, the action limits and amount of adjustment for
the optimal scheme converge quickly to limiting
values. If the disturbance is now assumed to be
generated by the IMA(O, 1, 1) time series model with
non-random drift £ per unit time interval

Zu—u=B+ta, —0a,,

then the limiting optimal scheme is such that action
X, =(-Z,,, +5)/g to produce a compensation

~Z;4y +5 should be taken only when £, crosses
either of the lines defined by Lj < &, <Ly, where
&, =%, +8X, with X; = X,_, for some non-
necessarily symmetric action limits L; and Ly and
overcompensation s. The forecast z,,; is no longer
given by (1.2) but

21+l =B/A' +ﬂ'(z; + 92,_1 +9221_2... ).

In this case, the minimum-cost scheme is a
"non-symmetric bounded adjustment” scheme, the
AAI is an increasing function of ~L; and L9 that
equals 1 when L1 = Lj, and the forecasted deviation
from target after an adjustment is made becomes
£,,,=5 , ie., the overcompensation. Because
Cpr =0, the process is sampled every unit interval and
the optimal values of the action limits L; and Ly and
overcompensation s depend on the relative
importance of the costs C4 and Cr.

The main purpose of this article is to
generalize the schemes described above and to
provide an efficient numerical method and
corresponding computer code to evaluate, not only
the optimal sampling interval m, action limits L and

L, and overcompensation s, but also the resulting
AAI MSD, and minimum overall expected cost. The
general situation where the costs Cpy, Cy4, and Cr
may be non-null and there may be random
measurement and adjustment errors and deterministic
process drift is considered. The numerical method
and computer code are also useful when the costs
Cat. C4, and Cr are not known. Thus the approach in
Box and Lucefio (1994) is extended to choose m, L1,
L3, and 5 on the basis of how much the root mean
squared error would need to increase to achieve the
advantage of taking samples and making adjustments
less frequently.,

Detailed consideration of procedures to
estimate the parameters of the models for disturbance
and dynamics is beyond the scope of this articie but
can be found in the literature: see, for example,
Ansley (1979), Box and Jenkins (1976), Box and
MacGregor (1976), Ljung and Box (1979), Lucefio
(1993b, 1994a, b), Mélard (1984), and Shea (1987,
1939).

The article is organized as follows. The
generalized integral equations that characterize
exactly the AAI and MSD for the process with
deterministic drift § sampled at intervals m units
apart are given in Section 2. The generalized cost
function when random adjustment errors are present
is given in Section 3. Finally, some analytical
expressions and numerical details concerning the
minimum-cost schemes are given in Section 4 and
three examples of application are commented in
Section 5.

2. AVERAGE ADJUSTMENT
INTERVAL AND MEAN SQUARED
DEVIATION

Assume that the disturbance is generated by the
IMA(Q, 1, 1) time series model with drift

-z =B+a, —06a, 2.1)
where the shocks a; are independent normal random
variables with mean zero and variance o7, and
represents the deterministic process drift.

Then the disturbance sampled at intervals m

units apart is also an IMA(O, 1, 1) time series model
with drift
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Imem " m = ﬁm L —— emump (22)

where the shocks uy,, are independent normal random
vanables with mean zero and variance 0' , 8 and
o“ are given by the Equations in (1.4), and the drift
is now B, = im. Hence the updating equation for the
one step ahead forecast Z,,, is

‘irm+m = emétm +a‘mzrm +ﬁm ’ (23)

which is equivalent to

Zmim = Zom + Al + By . (2.4)

Because Em,m = Zomim + & Xom s Equatlon (2.4) yields
Eimsm = €pm + Apltyy, + B, if no adjustment is needed
at time fm, i.e., if Xy = Xpp — Xy = 0.

Let A{£,/(A4y0Om)} be the average
adjustment interval after tm — m, given that the one
step ahead forecasted deviation from target is £,, and
the action limits are Ly and Lp. Then, at time tm, we
will conclude that the process needs an adjustment if
Eomsm <Ly o1 &,,,, Lo, where Epprr 1S cOMputed
as if xpy, = 0. -In this case the adjustment interval after
tm — m will be equal to m. However, if Ly < £,,,,, <
Ly, then the process will not need adjustment for at
least m unit intervals, i.e., xp, will be really 0, the
computed one step ahead forecast will change from
Em 0 Epym = Epm+Amiym + PBm, and the
(conditional) average adjustment interval after rm —
m will be m +A{ &, ., (AmOm)}. Therefore

5
A =
(=)

+ s+A,u+p,

A [ ] o(u)du (2.5)
L<s+Ad u+f, <L, A’m m

where ¢(u) is the probability density function of the
shock u, and the notation s = £,, and u = ugy has
been used for simplicity.

Let M{ £,,/(A140n)} be the numerator of the

MSD, i.e., the expectation in the right hand side of
Equation (1.6), given that the one step ahead
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forecasted deviation from target is £, and the action
limits are Ly and Ly. Then a similar argument to that
used to obtain (2.5) yields

(5 ] $ e {ehnna)

s+A, u+p,

+ M (
Li<s+d, uif, <L, _ }"mo-m

J o(u)du (2.6)

where the notation s = &, and u = 1y, has been used
again. Hence

M[JL SO_ ]=.ms-2 —mﬁ(m;l)s

+m{ 0'3. —/120'5 (m2— 1) +B? (m—l)(62m—l)}

s+A,u+B,

+ ]qo(u)du,(2.7)

M (
L<s+d, u+p <L, /’Lmam

as shown in Appendix A.

3. GENERALIZED COST FUNCTION

Equation (1.5) provides the overall expected cost per
unit interval when there is no adjustment error,
because in this case C4 is the only fixed cost incurred
each time the process is adjusted.

: However, if adjustment errors with variance
0' are present, C4 is no longer the only fixed cost
1ncurred each time an adjustment is made, because
the level of the process after an adjustment is made
differs from the opumal level by a random quantity
with variance 0',, In simple cases, the adjustment
error is small and dies out quickly. For example, the
adjustment error might appear because a small
portion of the eventual effect gxp, of an adjustment
Xgm takes place during a short period after the next
unit time interval, possibly because of small
inaccuracies in the model for the dynamics. Hence
the adjustment error that ensues from an adjustment
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X Introduces an additional cost that takes place at
time #m + 1 and amounts to the cost of being off
target at this time by a random quantity with variance
0',21. Therefore, (,!‘,2I has to be added to the numerator
of the MSD in (1.6). Alternatively, Cr( 07/ 0, ) can
be added to Cy in (1.5), so that the overall expected
cost per vnit interval when these adjustment errors
are present is given by

Cy+Cr(0Z /62
c=Su, Gar Gl ")+CT ML . G
m AAT G,

4. NUMERICAL SOLUTION OF THE
INTEGRAL EQUATIONS AND
MINIMIZATION OF THE COST
FUNCTION

We now consider the analytical expressions of the
exact solutions of Equations (2.5) and (2.7) and,
subsequently, give a numerical method to obtain
these solutions and minimize the overall expected
cost per unit interval.

4.1. ANALYTICAL EXPRESSIONS OF
THE SOLUTIONS OF (2.5) AND (2.7)

Equations (2.5) and (2.7) are Fredholm integral
equations of the second kind for A{ éml(/'l,,,,om)} and
M{ €,,/(AnOm)}, tespectively. They differ only in
their independent terms and, therefore, their solutions
can be expressed in terms of the following hinear
integral equation:

Y"(x; ]-——Cks"

m=m

s+Ad u+fP,

+ Jqo(u)du,(4.1)

L<s+d u+f <L, A’m m
where Cj is a constant, k = 0, 1, or 2, and @{u) =
@r oy YVexp{-u2i(2 02)).

Introducing the transformation

_s+A,utp,
A’mom

in the integral of Equation (4.1) and rewriting the
independent term in {4.1) in an obvious way, one has

k
Yk [/1 so_ )-_'Ck(a'mo'm)k(l SO. J

s
+Lz/(‘~.ﬂ.) Y, (w) 1 1o,
exps —— dw ,
L/(Z_G’.) V27f 2 —m

which shows that the solution Yi{s/(A,;6,,)} is not
only a function of s/(4,,Gp,) but also of L1/(A0p),

Lo Ay Om), B/ (A Om), and CiAp0m)% which can
be written in the form

for some function k().

Now Equation (2.5) is a particular case of
Equation (4.1) with &k = 0 and Cy=m. Moreover,
because Equation (2.7) is a linear integral equation,
i.e., an infinite dimensional linear system of
equations, its solution can be expressed as the sam of
the solutions of Equation (4.1) with k= 0 and

o2 - 12o? (m-1)
= " a 2
Q=m. gr(m=em-pr @3
6

k=1land Cy =-mB(m—1),andk =2 and Cp = m.
Therefore, the AAI is given by
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and the numerator of the MSD by

L, B 3
M(Aa] Coho(ﬂ.o A0 ApCr /'I.O'J

_mﬁ(m - l)(’lmom )

' ;"mam , A’mdm , a'.ﬂ’l(J.ﬂ'l ' A‘mam

2 L L, B, _s
+m(10)h2(/lo Ao Ao lc}

4.4)

where Cy is given by (4.2).

The MSD can now be obtained as the
quotient of (4.4) and (4.3) so that

MSD =62 — A2g? ('"2— D, g (m— 1)(62m -1)

_ﬂ(m - 1)(}':7: Gm)

gl Lo Bm s
"N An0, 4,0, 2,0, AnO,

+("Lmdm)2g2[ Ll , 12 Bm s )

where gi() = hg)fhp() for k=1 and 2.
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In the particular case where f= 5= 0 and
Ly = —Lj, the functions ho() and g2() in (4.3) and
(4.5) coincide respectively with the functions () and
g0 considered and characterized exactly by means of
integral equations in Box and Lucefio (1994) and for
which several approximations exist. Neither the
function g () nor any particular instance of it appears
to have been used previously, because gl() does not
appear when B=0orm=1.

A particularly interesting case occurs if
L1 2 Ly. In this case, the integral in the right hand
side of Equation (4.1} must be equal to 0 so that the
solution of the integral equation satisfies
Yi{s/(AmOm)} = Cis®. Then (4.3) and (4.5) become

AAl=m and

MSD =02 — A%6? (mz‘ 1), g2 (m= 1)(62m ~1)

~B(m=1)s+s* . (4.6)

Finally, the MSD is often expressed in term
of the percent increase in standard deviation (ISD)
with respect to g;. This ISD is defined as ISD =
100 x MSDY2/5,, — 1) and thus represents the
percent inflation of the standard deviation compared
with that of a repeated adjustment scheme for the
process sampled at unit intervals,

4.2. NUMERICAL SOLUTIONS OF
THE INTEGRAL EQUATIONS (2.5)
AND (2.7)

Numerical solutions of (2.5) and (2.7) can be
obtained by simply solving the integral equation (4.1)
for k =0, 1, and 2. Because (4.1) is a Fredholm
integral equations of the second kind, its solution can
be obtained using the routine fred2 in Press,
Teukolsky, Vetterling, and Flannery (1992, Chapter
18). This routine uses Gauss-Legendre quadrature so
that the integral equation becomes a finite
dimensional linear system of equations whose
dimension should be chosen to obtain negligible
discretization errors. The resulting linear system is
ther solved by LU decomposition. Subsequently, the
routine £redin in Press, Teukolsky, Vetterling, and
Flannery (1992, Chapter 18) can be used to perform
Nystrom interpolation of the solution of (4.1) for
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different values of s.

The routines fred2 and fredin use the
routines gauleg, lubksb, and ludcmp to be
found also in Press, Teukolsky, Vetterling, and
Flannery (1992). Moreover, two functions ak and g
should be provided to compute the kernel and the
independent term of the integral equation. These

functions together with a main program called.

integral have been written and included in
Appendix B. '

A detailed discussion of other methods used
to obtain numerical solutions to integral equations is
given by Baker (1977).

4.3. NUMERICAL MINIMIZATION OF
THE OVERALL EXPECTED COST
FUNCTION

The numerical minimization of the overall expected
cost per unit interval, as given by (3.1), (4.3), and
(4.5), with respect to L1, Ly and s can be performed
for given values of A, 0, B, m, Op, Cpp, C4, and Cr
using the routines brent, lnsrch, and dfpmin in
Press, Teukolsky, Vetterling, and Flannery (1992,
Chapters 9 and 10). The overall expected cost can
also be minimized with respect to the parameter m,
which takes integer values. This may be done by
minimizing the overall expected cost with respect to
Ly, Ly, and s for several values of m, and choosing
the value of m that provides the minimum cost.

The routine dfpmin uses a function called
func and a routine called dfunc to compute the
overall expected cost function to be minimized and
the gradient of this cost. Moreover, func and
dfunc use the routines fred2, fredin, gauleg,
lubksb, and ludcmp and the functions ak and g,
as in Subsection 4.2. The routine brent uses a
function called £5. These functions func and fs
and routine dfunc together with a main program
called costmin have been written and included in
Appendix C.

Two particularly interesting cases occur.
First, if C4 = 0 and oy = 0, then there are no costs of
adjustment and, consequently, the minimum cost is
attained with a repeated adjustment scheme in which
L) = Ly. Then the AAI equals m and the MSD is
given by (4.6}, so that the minimum cost is obtained
by minimizing (4.6) with respect to the
overcompensation s, which leads to s= f(m — 1)72.
Second, if Cps =0, then there is no cost of sampling

and, consequently, the minimum cost is attained by
sampling the process at every unit time interval, i.e.,

the optimum value of m is 1.

3. EXAMPLES OF THE USE OF THE
COMPUTER CODES

Example 5.1. Box and Xramer (1992) give an
example in which a quality characteristic subject to a
disturbance has to be adjusted. After reconstruction,
the disturbance was identified and estimated as an
IMA (0, 1, 1) process with A=0.3 and 6, =3.0. The
costs were assumed to be Cypy = $200, C4 = $600, and
Cr = $54. There is neither adjustment error nor
process drift, i.e., 0p = 0.0 and §=0.0.

Then the program costmin, given in
Appendix C, yields the results in Table 1. In
particular, one can see that the minimum cost is
obtained using the sampling interval with m = 10 and
action limits Ly = —L1 =2.89. The optimal forecasted
deviation from target after an adjustment is made is
5=0.0, because there is no process drift. The
corresponding AAI and MSD are 28.25 and 16.51,
respectively, which yields a percent increase in
standard deviation ISD = 35.46% and a minimum

- overall expected cost per unit interval C = $140.32. -
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Table 1. Minimum-cost schemes for Example 5.1 and several values of m. The overall minimum
cost is attained for m = 10. The symmetric action limits Ly = —L1, average adjustment interval (AAI),
mean squared deviation (MSD), percent increase in standard deviation (ISD) with respect to Oy, and
overall expected cost per unit interval, are shown in successive columns.

m__ Ly=-, AAT MSD I1SD COST
6 3.31 27.54 15.08 2945 145.60
7 3.20 27.64 1545 31.02 14298

- 8 3.09 27.79 15.81 3253 141.45
9 298 27.99 16.16 34.00 140.63
10 2.89 28.25 16.51 35.46 140.32
11 2.80 28.58 16.87 36.90 140.39
12 2n 28.95 17.23 3835 140.74
13 2.63 29.41 17.59 39.81 141.34
14 2.56 29.90 17.96 41.27 142.12

One can also see that values of m from 9 to
12 are close to the optimum in term of the resulting
cost, and that the optimal action limit L, = —Lj is a
decreasing function of m, while the resulting AAI and
MSD are increasing functions of m.

Example 5.2. Box (19914, b) and Box and
Lucefic (1994) consider an example in which the
thickness of a metallic film used in the manufacture
of a computer chip has to be adjusted because
standard SPC techniques had been only partially
successful in stabilizing the process. The estimated
values for (4, gy, o5, B) are (0.2, 11.0, 0.0, 0.0).
However, the costs Cypy, Ca, and C7 are not known.

Then the program integral in Appendix
B yields the results in Table 2, which shows the AAI

and ISD for 15 alternative schemes using all
combinations of Ly = —L| = 0.0, 5.5, and 11.0 with m
=1, ..., 5. This table is similar to Table 1 of Box and
Lucefic (1994). These authors explain how to use the
results in the table to choose a control scheme. For
example, one might set Iy = -L1 =55andm=2to
get an AAI and ISD of 11.53 and 6.29%,
respectively, or set Ly = —L; = 5.5 and m = 5 with an
AAI and ISD of 15.77 and 13.23%. The choice of
scheme might depend, in this case, on "how capable™
the controlled process was of providing product
within specifications. Thus a moderate increase in
the ISD might be tolerated, if the capability index
were high, to attain major saving in sampling and/or
adjustment costs (see Box and Lucefio, 1994, Section
3.

Table 2. Some alternative schemes for the metallic thickness example of Section 5. The average
adjustment interval (AAI) and percent increase in standard deviation (ISD) with respect to o; are
shown for 15 alternative schemes using all combinations of the action limits Ly = —Ly = 0.0, 5.5,

and 11.0 with the sampling interval m=1, ..., 5.
L2=—L1
0.0 5.5 11.0
AAI I1SD AAIT ISD AAI ISD
1 1.00  0.00 9.75 2.62 31.42 9.40
2 2.00 3.74 11.53 6.29 34.42 13.18
m 3 3.00 6.56 13.03 9.01 36.86 15.98
4 4.00 8.93 1443 11.26 39.01 18.28
5 500 11.01 15.77 13.23 40.96 20.26
0.0 0.5 1.0
Lylo,
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Example 5.3. Jensen and Vardeman (1993)
consider an example in which measurements of the
outer diameter of machined variator hubs were
obtained for 150 consecutive hubs. The estimated
values for (4, g, O, B are (0.558454, 5.65848, 0.8,
0.83), where we note that X and ¢, are related to the
standard deviations of the measurement errors 0z and
the random shocks of the process oy, used in Jensen
and Vardeman (1993), through the equations

o2 =-;—{( %,+20'§)+-J(0',2,+20'§)2 —402},

A=1-0%/02,

where the estimated values (3.76, 3.16) for (Og, Oy)
have been introduced to obtain the estimates for A
and ;. The costs are assumed to be Cpy=C4 = 0.0
and Cr=1.0.

Then the program costmin in Appendix C
yields the minimum-cost scheme, which is attained
for the sampling interval with m = 1, action limits
L=-0.802 and L,=0.795 and forecasted

deviation from target after adjustment
(overcompensation) s = —0.0039. To compare these
results to those published in Jensen and Vardeman
(1993), one has to subtract the drift S from L| and L,
sothat L} — B =—1.632 and Ly ~ 8 = —0.035. The
corresponding AAT and MSD are 1.238 and 32.059,
respectively, which yields a percent increase in
standard deviation ISD = 0.063% and minimum
overall expected cost per unit interval C = 1.01741.

It should be noted that, in this case, the cost
function is rather flat around the minimum. For
example, for L1 = —0.84, L» = 0.76, and s = 0.0, the
cost is C = 1.01742; and so is for L1 =-0.76, Ly =
0.84, and 5= 0.0; and for L1 = —0.84, L; = 0.84, and s
= 0.0. Consequently, the well-known symmetric
action limits and null overcompensation are almost as
good as those producing the minimum-cost scheme.
The difference between them is a 0.001% in terms of
the resulting overall expected cost per unit interval.
Moreover, for the repeated adjustment scheme in
which L1 = Ly = s = 0.0, the cost is 1.01999, which is
only a 0.25% greater than the minimum cost. It is
important, however, to note that the forecasted
disturbance Z,, must be updated using Equation (2.3)
with the best available estimate of the drift 8,

Table 3, Minimum-cost schemes for the outer diameter exampie of Section 5 for several
combinations the sampling (Cps) and adjustment (C4) costs. The optimum sampling interval (n),
action limits (L) and L3), overcompensation (s); and the resulting average adjustment interval
(AAI), mean squared deviation (MSD), percent increase in standard deviation (ISD) with respect
to 04, and minimum overall expected cost per unit interval, are shown in successive columns.

AAl  MSD ISD COST

CM (& A m L1 Lg
0 0 1 -0.802 0.795
1 0 2 0154 0.981
0 1 1 ~5024 4418
1 1 3 -=2.516 3.969

-0.004 124 3206 006 1.017
0415 221 3886 10.17 1.723
-0494 421 3662 695 1.386
0.710 498 4638 20.36 1.987

If the adjustment and sampling costs are not
null, then the program costmin can also be used to
find minimum-cost schemes. Thus Table 3 gives
these optimal schemes for all combinations of Cjyf =
0.0, 1.0 and C4 = 0.0, 1.0, and for the same values of
the remaining parameters.

One can see, for example, that a unit
increment in the sampling cost Cyps produces much
greater increments in the resulting minimum cost than

a unit increment in the adjustment cost C4, even
though the effect of the unit increment in Cps has
been attenuated by increasing the optimal sampling
interval to m = 2 when Cyy = 1.0 and C4 = 0.0 and to
m = 3 when Cyy = C4 = 1.0. Hence the assumption
that Cpy = 0.0 should be submitted to a careful
scrutiny based on available data.
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10 Alberto Lucefio, Francisco J. Gonzilez, and Jaime Puig-Pey

6. CONCLUSIONS

The problem, appearing i process adjustment using
feedback, of determining the optimal sampling
interval, action limits, and amount of adjustment, has
been considered in this article. It is shown that two
integral equations characterize exactly the AAT and
MSD for a class of disturbance models containing the
IMA model of Equation (2.2) for the process with
deterministic drift B sampled at intervals m units
apart. A computer program, called integral, has
been written that can be used without the direct
assignment of meaningful values to the costs of
taking an observation, of making an adjustment, and
of being off target. A second computer program,
called costmin, has also been written to minimize
the overall expected cost per unit interval when these
costs are known.

The numerical method presented in the
article generalizes the results in previously published
papers by considering the possibility of deterministic
process drift and random adjustment errors, together
with the possibility of non-null sampling cost and
augmented sampling intervals. Three examples of
the use of the computer codes have been given, which
demonstrate the usefulness of the proposed
procedure.
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APPENDIX A: DERIVATION OF THE
INDEPENDENT TERM IN (2.7)

Using the decomposition £—1)m+k = Epm —
(Em — E¢-1)m+k)» the independent term in (2.6) can
be written as

CQPI Report No. 147, July 1996

+ i E [{srm - 6(:—1)m+k }2]

k=1
m
25E Eom{Eim = Epmer} |- (AD)

Now one has &, = &,, +u,, =s+u using
the notation s = £,,, and # = uy,. In addition, taking
into account that the last opportunity for adjustment
before tm is at (r — 1)m, so that

E—Um+k = Hi-ymek T 8Xpi-1)m -
for k=1, ..., m, and considering Equation (2.1), one

has

€om ~ € 1)m+k = Zom ™ Lr-1)me+k

m-1

=@t 20, 1ymej =08, 1y + B(m—k)
1 .

J=k+
fork=1,...,m-1. (Clearly Etm — E(t—1)m+k = 0 for
k=m.)

Hence

E(s?,,,) -E {(é,,,, +u,,,,)2} =st+0, (A2)

ngE [{Exm - e(r—l)m-!-k }2]

S ffon-teama]

o

—_-El [o’ {1+}.2(m-1—k)+92}+[32(m—k)z]

(mp)| Fa 1+ A2 (m=2)72+ 67
= 1)[+ﬁim(2m—-1)/6 }:I @3
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Finally, using Equations (2.1) and (2.2}, one obtains

m—1
Eom = Epp F Uiy =S+ 8y ¥ A X0y y)ms
J=1

~8a;_1)m + Ol 1)

so that

iE [etm{erm - E(r—l)m+k} ]

=5 [a§{1+12 (m—1-k)-A4 9}+B(m-k)s]

k=1
=(m-1)[o2{1+47(m-2)/2-16}+Bms/2]

(A.4)

Therefore, introducing (A.2), (A.3), and
{(A.4)in (A.1), one has

EE{S(Z:-—I)mn} =ms? —mB(m—1)s
k=1

PROGRAM integral

COMMON KO, BL

INTEGER KO0, M, NP, MX(3)},
PARAMETER (NPMAX=200)
REAL t(NPMAX), w{NPMAX),

& h2 (NPMAX), L1X(3)., L2X(3),

+m{ o2 - Alg? (mz_ D +p? (m—l)(;n?_l)}.

from which (2.7) follows immediately considering
(2.6).

APPENDIX B: A COMPUTER CODE
TO SOLVE THE INTEGRAL
EQUATIONS (2.5) AND (2.7)

The program prompts the user to specify the
name of the file containing the data or to write O to
introduce the data interactively. Then it prompts the
user to specify the name of the file to which the
output will be directed. Subsequently, the following
parameters should be provided: the number of points
for the Gaussian quadrature (values between 40 and
60 are usually adequate); lower and upper values and
increment for the lower action limit Ly, for the upper
action limit L3, for m, and for the overcompensation
s; B. A. 0g; and the costs Cyy, C4, CT, and oy
Finally, an option is provided to consider only
symmetric action limits, i.e., action limits such that
Ly =-L,.

" The program code, which is written in
FORTRAN, _fullows. It should be noted that the line

call gauleg (a,b,t,w,n)

has been moved from the routine fred2 to the main
program integral to avoid unnecessary calls to
the routine gauleg. Hence the users should delete
this line from their routine fred2,

MMIN

h0 (NPMAX) , hl (NPMAX),
sx(3), LIMIN, LZ2MIN,

& smin, COSTMIN, BL, L1, L2, MBET, MLAMBD, MSIG,

& BETA, LAMBDA, SIGMA, s,

h0s, gl, g2, AAT,

& MSD, ISD, CM, CA, CT, ADJSIG, COST

CHARACTER*32 FIN, FOUT
CHARACTER*2 SYMM
LOGICAL NOSYMM
EXTERNAL ak, g
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C _

C KO is k. BL is beta/(lambdam * sigmam)

C NP is the number of points for the Gaussian quadrature
C MBET is betam. MLAMBD is lambdam. MSIG is sigmam

C ADJSIG is the standard deviation of the adjustment
C errors

C AAT is the average adjustment interval

C MSD is the mean squared deviation

C 1ISD is the percent increase in standard deviation
C

C Input data

-

PRINT *,' How are you going to enter the data?'

PRINT *,' on the screen: give 0°'

PRINT *,' on a file: give file name'

READ (*, '(A)') FIN

PRINT *

PRINT *,' Specify the name of the file to print’,
& ' the results'

READ (*, '(A)'} FOUT
OPEN (5, FILE = FQOUT)
PRINT *

IF (FIN .EQ. '0' .OR. FIN .EQ. 'O' .OR.
& FIN .EQ. 'o') THEN
PRINT *,' Specify the number of points for:',

& ' the Gaussian quadrature'’

READ *, NP '

PRINT *,' Specify lower & upper points and’,
& ' increment for the lower action limit: L1°

READ *, L1X(1), L1X(2), L1X(3)

PRINT *,' Specify lower & upper points and',
& ' increment for the upper action limit: TL2®

READ *, L2X({1), L2X(2), L2X(3)

PRINT *,' Specify lower & upper points and’,
& ' increment for m'

READ *, MX(1l), MX({2), MX(3)

PRINT *,' Specify lower & upper points and',
& ' increment for the overcompensation s°'

READ *, sx(l), sx(2), sx(3)

PRINT *,' Specify beta, lambda, sigma'

READ *, BETA, LAMBDA, SIGMA

PRINT *,' Specify costs: CM, CA, CT, ADJSIG'

READ *, CM, CA, CT, ADJSIG
ELSE

OPEN (1, FILE = FIN)

READ (1,*} NP

READ (1,*) L1X(1), L1X(2}, L1X(3)

READ (1,*) L2X(1l), L2X(2), L2X(3)

READ (1,*) MX(1l), MX(2), MX(3)

READ (1,*) sx{(l), sx{(2), sx(3)

READ (1,*) BETA, LAMBDA, SIGMA

READ (1,*) CM, CA, CT, ADJSIG

CLOSE (1)
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ENDIF
PRINT *,' Do you want symmetric action limits?'
PRINT *,' no: give no'
PRINT *,' ves: give other thing'
READ (*, '(A)') SYMM
NOSYMM = .false.
IF (SYMM .EQ. 'no' .0OR. SYMM .EQ. 'NO' .OR.
& SYMM .EQ. 'mO' .QOR. SYMM .EQ. 'No')
& NOSYMM = .true.
COSTMIN = 1.E20
M = MX(1)
10 L2 = L2X(1)
C
C Computation of sigmam, lambdam, betam, a, b, and BL
C
MSIG = 0.5 * SIGMA * (SQRT (FLOAT (M)) * LAMBDA +
& SQRT (LAMBDA * LAMBDA * M + 4. * (1. - LAMBDA)))
MLAMBD = (LAMBDA * SIGMA / MSIG) * SQRT (FLOAT (M))
MBET = BETA * M

20 IF (NOSYMM) THEN
Ll = L1X(1)
ELSE
: Ll = - L2
ENDIF
30 a=1L1/ (MLAMBD * MSIG)
b=12/ (MLAMBD * MSIG)
BL = MBET / (MLAMBD * MSIG)
C
C Print data
C
WRITE (*,*) 'Ll ="', L1," L2 ="', L2,'m =", M
WRITE (5, *)
WRITE (5,%*)' Number of points for',
& ' the Gaussian quadrature: ', NP
WRITE (5,*)' Action limits: L1 = ', L1,
& ', L2="', L2
WRITE (5,*)' beta = ',BETA,', lambda = ', LAMEDA,
& ', sigma = ',8IGMA,', m= ', M
WRITE (5,*)' betam = ', MBET,
& ', lambdam = ', MLAMBD, ', sigmam = ',6MSIG
WRITE (5,*)' costs: CM ="', CM, ', CA = ', Ca,
& ', Cr="', CT, ', adjustment sigma =', ADJISIG
WRITE (5,*)' standardized: L1 = ', a,
& ', L2 ="', b, ', beta ="', BL
IF (L1 .LT. L2} THEN
C
C Computation of Gaussian peoints and weights
C
call gauleg(a,b,t,w,NP)
C
c Computation of functions h0, hl, and h2.
C

KO =0
call fred2(NP,a,b,t,h0,w,qg,ak)

13
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K0 =1
call fred2(NP,a,b,t,hl,w,q,ak)
KO = 2

call fred2(NP,a,b,t,h2,w,qg,ak)

Computation of the AAI, MSD, and COST.

ENDIF

s = sx(l)
IF (L1 .GE. L2) THEN
AAT = FLOAT{M)
MSD = MSIG * MSIG
- {LAMBDA * SIGMA)**2 * (M - 1.) / 2. :
+ BETA * BETA * (M - 1.) * (2. *M - 1.) / 6.
MSD = MSD - BETA * (M - 1.) * s + 8 * g§.
hos = 1. :
gl = s / (MLAMBD * MSIG)
g2 = gl**2
ELSE
KO =0
sdls = s / {MLAMBD * MSIG)

h0s = fredin(sdls,NP,a,b,t,h0,w,qg,ak)

RO =1

‘gl = fredin(sdls,NP,a,b,t,hl,w,qg,ak) / his

KO = 2

g2 = fredin(sdls,NP,a,b,t,h2,w,g,ak}) / hls

AAT = hOs * M )

MSD = MSIG * MSIG
- {(LAMBDA * SIGMA)*#*2 * (M - 1.) / 2.
+ BETA * BETA * (M - 1.) * (2. *M - 1.)-/ 6.

MSD = MSD - BETA * (M -~ 1.) * MLAMBD * MSIG * gl
+ (MLAMBD * MSIG)**2 * g2

ENDIF

ISD = (SQRT (MSD) / SIGMA - 1.) * 100.
COST = (CA + CT * (ADJSIG / SIGMA)**2) / AAT

& + CM/ M+ CT * MSD / SIGMA**2
print results
WRITE (5,*)' s ="', s, ' hO = ', hOs,
& 'gl ="', gl," g2 =" g2
WRITE (5,*}' AAT = ', AAT, ' MSD = ', MSD,
& ' ISD = ', I8D, ' COST = ', COST
IF (COST .LT. COSTMIN) THEN
LIMIN = L1
LZ2MIN = L2
MMIN = M
smin = s
COSTMIN = COST
ENDIF '

s = 85 + 8x(3)
IF (s .LE. sx(2}) GOTO 40
IF (NOSYMM) THEN

Ll = L1 + L1X(3)
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IF (L1 .LE. L1X(2)) GOTO 30

ENDIF
L2 = L2 + L2X(3)

IF (L2 .LE. L2X(2)}) GOTO 20

M =M+ MX(3)
IF (M .LE. MX(2)) GOTO 10
WRITE (5, *)

15

WRITE (5,*)' the minimum cost found has been = ',
& COSTMIN, ' for:'

WRITE (5,*)' m = ', MMIN, ' L1 = ', L1IMIN,

& ' L2 = ', LZMIN

WRITE (*,*) ' the end’

END

FUNCTION g(t)

COMMON KO, BL

INTEGER KO

REAL BL, g, t :

IF (KO .EQ. 0) THEN
g=1.0

ELSE IF (KO .EQ. 1) THEN
g ==t

ELSE IF
g==t

ELSE

(KO .EQ. 2) THEN
*t

STOP 'ERROR EN FUNCTION g{t)'

ENDIF
RETURN
END

FUNCTION ak(t,
COMMON KO, BL
INTEGER KO

REAL BL, ak, t, z

z)

ak = EXP (-0.5 * (z - t - BL)**2) / 2.506628274631

RETURN
END

APPENDIX C: A COMPUTER CODE
TO MINIMIZE THE OVERALL
EXPECTED COST FUNCTION PER
UNIT TIME INTERVAL

The program prompts the user to specify the
name of the file containing the data or to write 0 to
introduce the data interactively. Then it prompts the
user to specify the name of the file to which the
output will be directed and gives an option to track all
the function evaluations. Subsequently, the following
parameters should be provided: the number of points
for the Gaussian quadrature (values around 40 are
usually adequate); starting values for the action limits
Ly and Ly; B, A, 0 the costs Cyy, C4, Cr, and
Oy and, when Cps > 0, lower and upper values and

increment for m. Finally, an option is given to
modify any one of the recommended values for a
convergence condition on the gradient, an increment
used to compute the gradient numerically, and a
factor used to scale the overall expected cost function
internally.

It should be noted that the minimization
routine dfpmin can fail if the variables are not
conveniently scaled (see Press, Teukolsky,
Vetterling, and Flannery, 1992, pp. 381 and 420).
This has been carefully considered when writing the
code so that convergence failure is very unlikely.
Two advises should be given though. First, modify
the input parameters Ly and Ly and/or the parameter
to scale the function if a convergence failure happens.
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Second, the variable disc in lnsrch may if (disc .LT. 0.) then
sporadically take a negative value, which produces an tmplam=-slope/({2.* (f-fold-slope))
error. This problem can be easily avoided by else

tmplam=(-b+sgrt (disc}) /(3. *a)

replacing the lines endif ‘

disc=B*b-3.*a*slope

tmplam= {-b+sqrt (disc)) /(3. *a) near the end of lInsrch (see Press, Teukolsky,

Vetterling, and Flannery, 1992, Chapter 9). The
program code, which is written in FORTRAN,

with - follows.

disc=b*b-3.*a*glope

PROGRAM costmin

COMMON KO, BL

COMMON /MIN1/ NP, MSIG, BETA, LAMBDA, SIGMA, M, AAT
& , MSD, CM, CA, CT, ADJSIG, hincr, fval, MLS, SC,
& SYMM, s

COMMON /FILEl/ TRACK

LOGICAL TRACK, SYMM

INTEGER K0, NP, M, iter, MX(3)

REAL, BL, MSIG, BETA, LAMBDA, SIGMA, AAI, MSD, CM,
&CA, CT, ADJSIG, hincr, fval, MLS, SC, s, L1, L2,
& ISD, gtol, gt, fret, par(2), MCOST, COST, MBET,
& MLAMBD, scale, cl, c¢2, ¢3, c4, hessll, hess22

CHARACTER*32 FIN, FOUT, FTRACK

EXTERNAL dfunc, func

MLS is lambdam * sigmam

K0 is k. BL is betam/(lambdam * sigmam)

NP is the number of points for the Gaussian quadrature

BET is betam. MLAMBD is lambdam. MSIG is sigmam

ADJSIG is the standard deviation of the adjustment .

errors

hincr is the increment of L1, L2, and s to compute the

gradient

gtol is a convergence tolerance on zeroing the gradient
SC is a factor to scale the cost function

fval is SC times the current value of the cost function
fret is the resulting minimum cost

MCOST is the minimum cost that would result if L1=L2
AAT is the average adjustment interval

MSD is the mean squared deviation

ISD is the percent increase in standard deviation

Input data

oRsNoNsNoReNo NN Rs NoNoNoNo NeNe RoNeRe e )

PRINT *,' How are you going to enter the data?'
PRINT *,' on the screen: give 0'

PRINT *,' on a file: give file name'

READ (*, '{(A)') FIN

PRINT *

PRINT *,' Specify the name of the file to print',
& ' the results’
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READ (*,

'{A) ') FOUT

OPEN (5, FILE = FOUT)

PRINT *
PRINT *
&

PRINT *
READ (*
PRINT *

PRINT *,

Would you like to keep track of all'’
function evaluations?'

no: give 0’

yvyes: give file name’

"(A)') FTRACK

TRACK = .false.
IF (FTRACK .NE. '0' .AND. FTRACK .NE. 'O’

&

.AND. FTRACK .NE. '0') THEN

OPEN (4, FILE = FTRACK)

TRACK
ENDIF

. true.

IF (FIN .EQ. '0O' .DR. FIN .EQ. 'O' .OR.
& FIN .EQ. 'o') THEN
PRINT *,' Specify the number of points for',

&

READ *, .
PRINT *,' Specify the action limits: L1, L2°
READ *,
PRINT *,' Specify beta, lambda, sigma'
READ *,
PRINT *,' Specify the costs: CM, CA, CT, ADJSIG'
READ *,
IF {(CM .GT. 0.) THEN

PRINT *,' Specify lower & upper values and',

' the Gaussian quadrature'
NP

Ll, L2
BETA, LAMBDA, SIGMA

CM, CA, CT, ADJSIG

' increment for m'

READ *, MX(1), MX(2), MX(3)
MX(1)
MX(3)
IF (MX(2) .LE. MX(1)) MX({2) = MX(1)
M = MX(1)

ELSE
M =
ENDIF

ELSE

1

= MAX (1, MX(1))
= MAX (1, MX({(3))

OPEN (1,FILE = FIN)

READ (1,*} NP

READ (1,*) L1, L2

READ (1,*) BETA, LAMBDA, SIGMA

READ (1,*) CM, CA, CT, ADJSIG

IF (CM .GT. 0.) THEN
READ (1,*) MX(1), MX(2), MX(3)
MX(1)
MX (3}
IF (MX(2) .LE. MX(1)) MX(2) = MX(1)
M = MX(1) _

ELSE
M =
ENDIF

1

= MAX (1, MX(1))
= MAX (1, MX(3))

CLOSE (1)

ENDIF
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SYMM = .false,
IF (BETA .EQ. 0.) THEN
SYMM = .true.
L2 = ABS(L2)
L1l = -L2
ENDIF , :
IF (ABS({L2) .GT. 2*SIGMA) L2 = SIGMA
IF (ABS(Ll) .GT. 2*SIGMA) L]l = -SIGMZ

Suggested values for gtel, hincr, and scale

PRINT *,' Suggested values:'
PRINT *,' gtol = 4.e-5, hincr = l.e-3, scale = 1.°
PRINT *,' Would you like to change any of these’
& ' values?'
PRINT *,' no: glve 0., 0., 0.
PRINT *,' ves: give 0.''s and/or new values'
READ *, gtol hincr, scale
IF (gtol .LE. 0.) gtol = 4.e-5
IF (hincr .LE. 0.) hincr = 1l.e-3
IF (scale .LE. 0.) scale = 1.
PRINT *
PRINT *,' Working’
C
cC Print data
C
WRITE (5,*)' convergence tolerance on zeroing',
& ' the gradient = ',gtol
WRITE (5,%*)' increment of L1, L2, and s to',
& ' compute the gradient = '",hincr
WRITE (5,*)' Number of points for the Gaussian',
& ' quadrature: ', NP :
WRITE (5,*)' Initial action limits: L1 = ', L1,
& ', L2 =, L2
WRITE (5,*)' beta = ',BETA,"', lambda = ', LAMBDA,
& ', sSigma = ',SIGMA
WRITE (5,*)' costs: CM ="', CM,', CA = ', CA,
&', CT' ="', CT, ', adjustment sigma =', ADJSIG
WRITE (5,%*)
WRITE (5’*) ¥ *******************l’
& R R E R TR R R R ]
WRITE (5, *)
C
C Main loop. Computation of sigmam, lambdam, and betam
e ,
10 MSIG = 0.5 * SIGMA * (SQRT (FLOAT (M)) * LAMBDA +
& SORT (LAMBDA * LAMBDA * M + 4. * (1. - LAMEDA) } )
MLAMBD = (LAMBDA * SIGMA / MSIG) * SQRT (FLOAT (M))
MBET = BETA * M
MLS = MLAMBD * MSIG
BL = MBET / MLS
C Newton-Raphson steps increase if SC increases
SC = 8. * scale / (CT * SQRT(FLOAT(M)))
gt = gtol * MAX(CA / 4., CT) * SC

C

C Minimization of the overall cost function
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C {par(l) and par(2)} represent {Ll1 and L2}
C over the product of lambdam by sigmam
C
IF ((CA .EQ. 0. .AND. ADJSIG .EQ. 0.) .OR.
& (ABS{L1*L2) .LT. 0.01*SIGMA)) THEN
par{l) 0.
par(2) 0.

ELSE
par{l)
par{2)

ENDIF

n-=2

IF (TRACK) THEN
WRITE (*,*)

WRITE (*,*)' going to dfpmin ****** p = ',
& : M, " FEEKKK
WRITE (4,%*)
WRITE (4,%*)' going to dfpmin ****%* @ = 1,
& M, *xkkkx
ENDIF
CALL dfpmin(par,n,gt,iter, fret, func,dfunc)

L1 / MLS
L2 / MLS

Al

Print data and results

Q00

Ll par{l) * MLS
L2 par{2) * MLS
C reevaluate variables included in COMMON
COST = func(par) / SC
WRITE (5,*)'' m = ', M,' betam = ', MBET,
& ', lambdam = *, MLAMBD, ', sigmam = ', MSIG
ISD = MAX ((SQRT (MSD) / SIGMA - 1.) * 100., 0.)
IF (L1 .GT. L2) THEN )
WRITE (5,#*) ' L1 2 L2 at the optimum;'
Ll =
L2 =
ENDIF
WRITE (5,*)' optimal forecast after adjustment’,
' and action limits:'
WRITE (5,*)' s = '",s,', L1 = ',Ll,', L2 = ',L2
WRITE (5,*)}' average adjustment interval, ',
& ' mean squared deviation:'
WRITE (5,*)' AAI = ', BAAI,', MSD = ', MSD
WRITE (5,*)' percent increase standard',

||

0.
0.

&

& deviation, minimum cost:'
WRITE (5,*)' ISD = ', ISD,*, mincost = ', COST
WRITE (5,*)' number of iterations = ', iter

IF (TRACK} THEN
IF (.NOT.SYMM) THEN
par(l) = par(l) + 0.1
cl = func(par)
.par(l) = par{(l) - 0.2
~¢2 = func(par)
par{l) = par(l) + 0.1
ENDIF

19
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par(2) = par(2) + 0.1
c¢3 = func{par)
par(2) = par{(2) - 0.2
cd = func{par)
IF (.NOT.SYMM)

& hessll = (¢l + ¢c2 - 2 * fret) / 0.01
hess22 = (c3 + ¢4 - 2 * fret) / 0.01
IF (SYMM) hessll = hess22

C hessian should be kept around 1. by using scale

WRITE (*,*)' hessian = ', hessll,' ', hess22,
&' SC = ', 8C, ' scaled cost = ', fret

WRITE (4,*)' hessian = ', hessll,' ', hess22,
&' S8C = ', 8C, ' scaled cost = ', fret
ENDIF
par{l) = 0.
par(2) = 0

MCOST = func(par) / SC
IF (MCOST .LE. COST * 1.1) THEN
ISD = MAX {(SQRT (MSD) / SIGMA - 1.) * 100., 0.)
s = BETA * (M - 1.) / 2.
WRITE (5,*)
WRITE (5,*)' the no-deadband policy is ',

& 'optimal or close to optimal:’
WRITE (5,*)' no-deadband optimal forecast after’,

& ' adjustment and action limits:’
WRITE (5,*)' s = ',s, ', L1l =0.0, L2 =20.0'
WRITE (5,*)' average adjustment interval, ',

& ' mean squared deviation:'
WRITE (5,*)' AAI = ', AAT,', MSD = ', MSD
WRITE (5,*)' percent increase standard',

& ' deviation and cost:'
WRITE (5,*)' ISD = ', ISD,', COST = ', MCOST
WRITE (5,*)' this cost is a ',100. *

& (MCOST / COST -~ 1.), ' % greater than mincost’
IF (MCOST / COST .LT. 1.001)THEN

Ll = 0.
L2 = 0.

ENDIF

ENDIF

WRITE (5, *)

WRITE (5’*) 1 *******************l’

& Thkhkdhkhkhkhkdkhkdkhhkkdkhhkhkkhkki

WRITE (5,*)

IF (CM .GT. 0.) THEN
M =M+ MX(3)
IF (M .LE. MX(2)) GOTO 10
ENDIF
PRINT *, ' the end'
END

FUNCTION func{par)

COMMON KO, BL

COMMON /MIN1/ NP, MSIG, BETA, LAMRDA, SIGMA, M, AAT
& , MSD, CM, CA, CT, ADJSIG, hincr, fwval, MLS, SC,
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& SYMM, s
COMMON /FILEl/ TRACK
PARAMETER (NPMAX=200)

21

COMMON /FU/ al, a2, t(NPMAX), w(NPMAX}, hO(NPMAX);

& hl (NPMAX), h2(NPMAX)
LOGICAL TRACK, SYMM
INTEGER K0, NP, M
REAL: BL, MSIG, BETA,

& CM, CA, CT, ADJSIG, hincr, fval,
& L1, L2, as, al, a2, hOs, gl, g2,
& ax, bx, cx, fa, fb, fc, delta,
PARAMETER (NMAX=2)

REAL par (NMAX)

EXTERNAL ak, g, fred2, fs, brent
IF (SYMM) par(l) = -par(2)

Ll = par(l) * MLS

LAMBDA, SIGMA, AAT, MSD,

MLS, SC, s,
func, COST,

tol

*M-1.) / 6.

/ AAT

L2 = par(2) * MLS
IF (par{(l) .GE. par(2)) THEN
par{l) = 0.
par(2}) = 0.
s =BETA * (M - 1.) / 2.
AAT = FLOAT (M)
: MSD = MSIG * MSIG
& - (LAMBDA * SIGMA}**2 * (M - 1.) / 2.
& + BETA * BETA * (M - 1.) * (2.
MSD = MSD - BETA * (M - 1.) * s + 8 * s
COST = (CA + CT * (ADJSIG / SIGMA)**2)
& + CM / M+ CT * MSD / SIGMA**2

IF (TRACK) THEN

WRITE (*,*)' L1l greater than or equal to L2 ***
WRITE (4,*)' Ll greater than or equal to L2 ***:

ENDIF
GOTO 20
ENDIF
al = par(l)
az = par(2)

call gauleg(al,a2,t,w,NP)

K0 =0

call fred2 (NP,al,aZ,t,h0,w,qg,ak)
KO =1

IF (.NOT.SYMM .AND. M.GT.1)
&call fred2 (NP,al,a2,t,hl,w,q,ak)
KO = 2

call fred2(NP,al,a2,t,h2,w,qg,ak)

C Computation of optimal s

IF (SYMM) THEN
s = 0.
COST = fs({s)
ELSE

bx =
fb

BETA * (M - 1.)
fs (bx)

/(2. %

=85
MLS}

C Computation of Gaussian points and weights

C Computation of functions h{0, hl, and h2

/ MLS
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’ delta = 1. / {(LAMBDA * SQRT(FLOAT (M) ))
10 ax

= bx - delta
fa = fs(ax)
cx = bx + delta
fc = fs{cx)

IF (fb .GE. fa .OR. fb .GE. fc) THEN
delta = 2. * delta
IF (delta .GT. l.e+8) STOP 'error in func'
GOTO 10

ENDIF

C Optimizing as = s / MLS

tol = 5.e-4

COST = brent(ax,bx,cx, fs,tol, as)

s = as * MLS

ENDIF
C Print intermediate results
20 func = COST * SC
IF (TRACK) THEN
WRITE (*,*)" s ="', 8,' L1 =", L1,' L2 = ', L2,
& ' COsST = ', COST ' .
WRITE (4,*)' s ="', s," L1 ="', L1,' L2 = ', L2,
& ' COST = ', COST
ENDIF
fval = func
RETURN
END

FUNCTION fs{as)

COMMON KO0, BL

COMMON /MIN1/ NP, MSIG, BETA, LAMBDA, SIGMA, M, AAT
& , MSD, CM, CA, CT, ADJSIG, hincr, fval, MLS, SC,
& SYMM, s

PARAMETER (NPMAX=200)

COMMON /FU/ al, a2, t(NPMAX), w{NPMAX), hO (NPMAX) ,
& hl (NPMAX), h2 (NPMAX)

COMMON /FILEl/ TRACK

LOGICAL TRACK, SYMM

INTEGER KO, NP, M

REAL BL, MSIG, BETA, LAMBDA, SIGMA, AAT, MSD,
& CM, CA, CT, ADJSIG, hincr, fval, MLS, SC, s,
& as, al, a2, hO0s, gl, g2, COST

EXTERNAL ak, g, fredin

C Computation of AAI, MSD, and COST

KO = 0

h0s = fredin(as,NP,al,a2,t,h0,w,g, ak)
KO =1

gl = 0.

IF (.NOT.SYMM .AND. M.GT.1l)

& gl = fredin(as,NP,al,a2,t,hl,w,g,ak) / hOs
KO = 2

g2 = fredin(as,NP,al,a2,t,h2,w,g,ak) / hOs
AAT = hUs * M
MSD = MSIG * MSIG
& - (LAMBDA * SIGMA)**2 * (M - 1.) / 2.
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& + BETA * BETA * (M - 1.) * (2. *M - 1.) / 6.
MSD = MSD - BETA * (M - 1.) * MLS * gl

& + MLS**2 * g2 :

COST = (CA + CT * (ADJSIG / SIGMA)**2) / AAT

& + CM / M+ CT * MSD / SIGMA**2

C Testing discretization errors ,

IF (hOs .LT. .9999 .OR. g2 .LT. -l.e-4) THEN
WRITE (*,*)' Unacceptable discretization error'
WRITE (*,*}' hO = ',hOs,' gl = ',gl,’" g2 = ',g2
WRITE (*,*)' Please try new Ll and L2,

WRITE (5,*)' Unacceptable discretization error'
WRITE (5,*)' hO = ',h0s,' gl = ',gl,' g2 = ',g2
WRITE (5,*)' Please try new Ll and L2,

STOP

ENDIF

fs = COST

RETURN

END

SUBROUTINE dfunc (ptt,grad)

COMMON /MIN1/ NP, MSIG, BETA, LAMBDA, SIGMA, M, AAT
& , MSD, CM, CA, CT, ADJSIG, hincr, fval, MLS, SC,
& SYMM, s

COMMON /FILEl/ TRACK

LOGICAL TRACK, SYMM

INTEGER NP, M, I, isignm

REAL MSIG, BETA, LAMBDA, SIGMA, AAI, MSD, CM, Ca,
& CT, ADJSIG, hincr, fval, MLS, SC, s, al, a2,

& fvalO, temp, hh, incr, absgrad

PARAMETER (NMAX=2)

REAL ptt(NMAX), grad(NMAX)

EXTERNAL func, donothing

incr = hincr

IF {TRACK) THEN

WRITE (*,*}) ' computing the gradient’'
WRITE (4,*) ' computing the gradient'

ENDIF
al = ptt(l)
a2 = ptt(2)

fvald = fval
10 absgrad = 0.
IF (SYMM) THEN
temp = ptt(2) + hincr / SQRT(2.)
call donothing(temp)
hh = temp - ptt(2)

ptt(2) = ptt{(2) + hh
ptt(l) = -ptt(2)
grad(2) = (func(ptt)-fvalld) / hh
grad(l) = -grad(2)
absgrad = ABS (2. * grad(2))
ptt(l) = -a2
ptt(2) = a2
ELSE
isign = -1
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DO 20 I =1,2
ptt(l) = al
ptt(2) = a2

temp = ptt(I) + hincr * isign

call donothing(temp)
hh = temp - ptt(I)

ptt{I}) = ptt(I}) + hh
{func (ptt}-£fvall) /hh
absgrad + ABS (grad(I))

grad(I)
absgrad
isign =
20 CONTINUE
ptt (1)
ptt(2)
ENDIF

=

al
az

C The gradient should not be exactly 0.

IF (absgrad .LT. l.e-20) THEN

“hincr = 10. * hincr
GOTO 10

ENDIF

IF {TRACK) THEN

WRITE (*,*) ' gradient computed (line search)’
WRITE (4,*) ' gradient computed (line search)}'

ENDIF
hincr = incr
RETURN
END
SUBROUTINE deonothing (temp)
REAL temp
RETURN
END
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