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INTEGRATION OF TECHNIQUES IN PROCESS DEVELOPMENT
George E. P. Box

Author’s Note: Recently, there has been renewed interest in the philosophy of investi-
gation and in particular in its essentially iterative/sequential/adaptive nature. The itera-

tive rather than the “one-shot” concept for experimentation has profound implications for the
way we approach statistical inference, the use of data analysis, and experimental design.
With this in mind it seems appropriate to make the following article more generally available.
The paper originally appeared over thirty years ago in the transactions of the 11th Annual
Convention of the American Society for Quality Control.

Introduction

Quite different problems confront the experimenter at the various stages of
development of a process investigation and quite different techniques are appropriate 1o
solve them. As the last speaker in this discussion on the strategy of experimentation, it
seems appropriate for me to discuss the roles which various statistical methods can play
in helping process development along and to try to see how these various techniques fit
together.

It is perhaps unnecessary to say that I do not believe in the present existence or
possible future existence of any particular statistical procedure which would be best in all
circumstances. The current situation in statistics is not that there are a variety of techni-
ques in competition to fill some narrow area of endeavor. Rather the field of interest
might be likened to a large unfinished painting. Some outlines have been sketched and a
few areas have been painted in but major portions of the canvas are quite blank. We have
to recognize where these blank spaces are and to think how they should be filled. Cer-
tainly it will do no good to pretend that the painting is really complete, or that none of the
parts which have been painted in should ever be retouched, or that all the blank spaces
can be adequately filled merely by repeating a pattern which has been used successfully

somewhere else.
1.1 Indeterminacy of experimentation

Someone once said that the only time that an experiment can be properly planned
is after it has been completed. The more one contemplates this paradox the more one is
convinced of its essential truth. Consider, for example, an investigation involving contin-
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uous variables like time, temperature, pressure etc., when the true underlying relation-
ships (represented by the response surface) between the response and the variables is not
known. This experimental situation, like most others, is beset by a bewildering number
of indeterminacies which exist whether any statistical methods are used or not.

Which variables should be studied? In a given situation one experimenter might
regard one set of variables as important and another might include different variables.

By how much should the variables be changed? One experimenter might, for
instance, regard a ten degree change in temperature in a particular context as a large
change, while another might think that it was quite small.

In what form should the variables be considered? Should we think in terms of
time and temperature or of log time and reciprocal absolute temperature? Or maybe we
should not think in terms of these two variables at all but rather in terms of some single
function of them.

How complex a model (and hence how elaborate an arrangement of experiments)
is necessary in a particular situation? For instance, in a given context the approximation
that locally the response surface was planar might be sufficiently close to allow progress
to be made using a simple arrangement of experiments based on this approximation. In
other contexts the approximation and the corresponding experimental arrangement would
be quite inadequate.

We see that in an investigation of this kind we are expected to explore the behav-
ior of a function of unknown complexity within a space which is not even defined.
Seemingly a difficuit assignment!

1.2 “You choose the strategy, I will choose the surface.”
If more is needed to see how hopeless our tasks appears, let us play a game in

which you decide the strategy for exploring an unknown response surface and [, acting in
the capacity of “devil’s advocate”, decide the surface.

If you choose: I will choose:
one factor at a ime a surface with large interactions
steepest ascent a surface with many bumps
fractional factorial designs a surface with large 3-factor interactions
second order fit an exponential type response
grid mapping a flat plane with a single point sticking

out from the surface.



Although, for illustration, we have confined attention to one particular kind of
investigation, indeterminacies which are just as puzzling seem to occur in other
- situations. One might feel justified in concluding that scientific investigation must be an
unrewarding pastime and success a matter of purest luck. We are faced, however, with
the embarrassing fact of the phenomenal success of the experimental method over the last
three hundred years or so. Perhaps we are not thinking about things the right way. Let us
consider the experimental method itself for a moment.

2. The Iterative Nature of Experimentation

It is well known that a recurrent theme is found in almost all scientific investiga-
tion. This is the successive interplay of the two complementary processes which we shail
call processes d and a. The first process, d, is concerned with the movement from
conjecture to experiment and the second process, a, with the movement from experiment
to conjecture. These complementary processes are used in alternation many times during
an investigation. By their repeated employment, the experimenter’s knowledge of the
system studied becomes steadily greater in the manner illustrated in Figure 1.
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Figure 1. Iterative experimentation

More specifically:
process d is concerned with the devising of experiments suggested by the investigator’s
appreciation of the situation to date and calculated to elucidate it further;
process a is concerned with examination of the results of experiments in the light of all
the background knowledge available.



To put it in still another way:
process d is concerned with analysis of hypothesis and synthesis of a suitable
experiment
process a is concerned with analysis of the experiment and synthesis of a new
hypothesis or hypotheses.

In a statistical context it is customary to relate these processes to the experiment
rather than the hypothesis, so that process d is associated with what is called the
statistical design of the experiment and process a with the statistical gnalysis. In this
paper the words “design” and “analysis™ have been avoided until now for, as will be seen
from the definitions above and the examples which follow, they are intended to include
other things besides the purely statistical concepts usually associated with these labels.
With this proviso then, the process we are considering is typified by the successive and
repeated use of the sequence:

CONJECTURE : DESIGN : EXPERIMENT : ANALYSIS.

The iterative situation described above is very different from that implied by
certain common usages of statistical methods. For instance, “significance testing” as
sometimes practiced seems to imply that some irrevocable decision is to be made
immediately followin g the first experiment, no further observations being allowable, and
that some dreadful misfortune will befall the experimenter if he errs by drawing a conclu-
sion which is not sufficiently conservative, although no penalty will result if he falls into
the error of being too conservative. 1do not deny that such a situation might occur but I '
do believe it is unusual.

2.1 An example of classical iterative experimentation

To focus attention on this process of experimental iteration let us consider an
example where statistical methods are not involved. We will try to understand the actions
and reasoning of some experimenter engaged in speculative research whose object is to
prepare a certain chemical C by a route not previously investigated. At the start we
suppose he has some, perhaps not very precise, ideas as to the general way that chemical
C might be prepared. The iterative sequence would then begin and the thoughts of the

experimenter might follow a pattern somewhat like this:



Conjccturé: “I believe that in suitable circumstances reactant A would combine with
reactant B to form the desired product C.”

Design: “From theoretical knowledge, my own experience, and other people’s ex-
perience of similar reactions cited in the literature, I should think that certain
conditions X (defining proportions of A and B, temperature, time etc.)
might be worth trying.”

Experiment: The appropriate experiment would then be performed, and this would in-
clude a chemical analysis of the product.

Analysis:  “After studying the appearance and physical nature of the product and the
numerical results, it appears that a litdle of the desired product C was pro-
duced but that a high proportion of unwanted product D was also present.”

A single cycle of the sequence has now been completed but the last phase of anal-
ysis immediately leads to a new conjecture and the beginning of a new cycle:

Conjecture: “The presence of such a high proportion of unwanted product D could be
due to the large amount of water used to dissolve the reactants, which might
favor the formation of D.”

Design: “I will perform the experiment in the same way as before, but this time I will
use a non-aqueous solvent Z instead of water.”

He is thus led to perform a further experiment. In this general way his investigation con-
tinues.

In some cases this process would be brought to an early stop. Some overriding
difficulty might be encountered, such as the presence of an embarrassing impurity, which
would lead the experimenter to abandon this particular route of manufacture. Eventually,
however, he would often be led by this method to a mode or modes of chemical prepara-
tion which, in the laboratory at least, were satisfactory.

We see that the scientific method is not, and can never be made, an exact proce-
dure. In particular it is not like an exact method for the calculation of the root of some
mathematical equation in which an answer is reached by a unique sequence of steps in
calculation. Rather it is an iterative process analogous to the iterative “relaxation”
methods of numerical analysis in which faltering (and in the light of subsequent know-
ledge perhaps even ill advised) steps are made at the beginning of the process. Because
the situation is set up so that the investigator has an opportunity to learn as he goes along,
however, he can hope to be led along ore path to the solution. The path actually followed
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will differ from one experimenter to another and its length will depend very much on the
ability of the person concerned. The objective of the statistician in trying to help the ex-
perimenter should be not to try to make the path he follows unique but to supply him with
techniques which will help to make the process he follows converge to the correct solu-
tion as rapidly as possible.

3. Three Important Phases of Experimentation

We shall discuss in a moment how the iterative experimental process may proceed
in investigations in which statistical techniques are employed; before we do this we con-
sider what sorts of information we might be seeking in such investigations.

To avoid confusing the essential issues, let us begin once more by coﬁsidcring a
problem where statistical considerations are not essentially involved.

Suppose we were for the first time studying the distance s fallen by a solid body
in a vacuum. Initially one might postulate that s could depend on the levels of a number
of variables t, u, v etc. The variable t might represent the time of falling, the variable u
the weight of the body, the variable v the volume of the body and so on.

Thus we conceive a possible functional relationship between the response s and
the “variables” t, u, v etc.

s=flt,u,v...).
Three distinct stages can be considered in the investigation of such a relationship:

1) Study aimed at deciding which variables affect the response. In this example it
would be found that (to the degree of exactness here considered) s depended
onlyon t.

ii) Empirical study of how the variables affected the response. In this example
experiments would enable us to plot a graph showing the relationship between s
and t over a certain range of t. We might present this information either in the
form of the graph itself or in the handier form obtained by describing the graph by
the equation of some simple curve (e.g. an interpolation polynomial) which
graduated it in the region concerned. Such an equation would, of course, make no
claim to have any basic meaning and would usually be inapplicable outside the
region actually investigated.

ili)  Theoretical study which resulted in an equation denived from a postulated mecha-
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nism for the phenomenon studied. This might e'xplain more or less adequately
why the response was affected by the variables in the manner observed. In the

present example Newton’s gravitational theory leading to the formula s = %gt’l

would provide such a theoretical equation.

We are thus able to distinguish three component phases of investigation, each of

which can involve the use of appropriate statistical methods. These are:

i)

ii)

iii)

Screening studies aimed at delineating the important variables.

Empirical studies aimed at describing certain important features of the relation-
ship between the response and the variables (e.g. the “effects” of the variables

in some particular region, or more ambitiously the principal features of the multi-
dimensional graph or “response surface™ relating the response and the variables in
some important region of the variables).

Theoretical studies aimed at discovering plausible mechanisms for the phenomena
studied and estimating, to satisfactory accuracy, the relevant parameters.

All these phases usually involve the same iterative sequence — CONJECTURE,

DESIGN, EXPERIMENT, ANALYSIS, so that in terms of complexity, althou gh not
necessarily of order in time, the route followed resembles Figure 2.

Experiment

Conjecture

A B C
° . .f * ° of \o
Screening Empirical study Mechanism
et KNOWLEDGE

Figure 2. Phases of experimentation

This route should be likened to an unlimited access highway. Few individual

investigators do or should proceed from one end of it to the other in any particular study.
In some cases an experimenter is concerned only with delineating important variables; he
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enters at A and leaves at B. In some cases the important variables may have been
derived already (or it may be claimed that they are known) and the process begins at B
and perhaps ends at C, or it may goonto D. Or having begun at B it may be necessary
to go back to A because it may become clear that the important variables are not
known. In differing contexts all points of entry and exit are possible and relevant;
“retracing steps” and “doubling back” will frequently occur and the phases we have
distinguished may be less distinct. It can be argued that a fourth important phase is the
transition from (ii) to (iii). As has been illustrated, for example (1), by careful
consideration of the results of an empirical study, ideas tending to the development of a
theoretical model can develop. We here regard this important process as part of phase
(iii).

We shall now briefly survey these various phases of study in the light of the itera-
tive situation we have mentioned and consider what is known of statistical procedures
which are appropriate to assist their progress.

4. Screening Experiments
In the study of the distance s fallen by a solid body in vacua in time t, we needed

to discover that the variables u, v etc. were not affecting s and need not be considered.
The situation is illustrated geometrically in Figure 3.

/

Figure 3. Redundancy of variables




All the change in s is occurring in the direction of the coordinate axis t. No change is
occurring in the direction which represents u, v etc. We can fix the value of u, v etc. at any
values we like (corresponding to taking a section through the model at some point parallel to
the axis of t for any values of u and v) and the graph of s against t is unchanged.

Clearly the problem at the screening stage of an investigation is that of probing
the space to find those directions in which redundancy occurs. In this example, where
experimental error is of no importance, it would be a simple matter to devise experiments
which would do this at least superficially. Also, for systems as clear cut as this, various
devices such as dimensional analysis might be employed to help the process along.

Suppose, however, we are confronted with a situation where:

i) very little theoretical knowledge of the system was available;

i1) experimental error was large;

it) although there was a large number of variables which it was felt might affect the
response (perhaps 10 or even more) it was felt unlikely that more than a few of
these (perhaps three of less) would be of any real importance;

iv)  only a limited experimental effort could be justified;

V) there was no overriding necessity to keep the experimental program simple, and
consequently large numbers of variables could be altered simultaneously in the
same group of experiments.

Two procedures are known to me, which in some cases at least would seem to be aimed

at the solution of this problem. The first usually utilizes fractional factorial designs and

the second the random balance designs proposed by Satterthwaite. The details of the
latter procedure have yet to be published so I will concentrate on the first.

Bearing in mind characteristics (ii) and (iv) and (v) of the screening situation, it
seems we must use a design which, for a given total number of observations, will give
maximum possible accuracy for the estimation of the effects of the variables. It is known
that this property is enjoyed by designs for which all the variables are included simulta-
neously and for which there is a high degree of symmetry in the space of the variables. It
is enjoyed, in particular, by factorial designs and fractional factorials where the high
precision attained may be thought of as arising from so called “hidden replication”. For
large numbers of variables it will in general be true that complex relationships which
involve all the variables cannot be elucidated without a large number of experiments. For
example, where the function can be represented by a polynomial in which terms of order
higher than d are omitted, the series will contain (k + d)! / (k)!(d)! constants and we
should require at least this number of observations to estimate all of them. .



We might proceed, however, by using designs which, although insufficient to
estimate separately all the constants if the whole group of ten variables were important,
would nevertheless be adequate to estimate all the constants of say first and second
order® associated with any particular small group of variables if the remaining variables
were unimportant.

Now although the two-level fractional factorials do not completely satisfy this
criterion, since estimates of “quadratic effects” are always confounded with each other
and with estimates of the mean so that we may wrongly tag as redundant a variable which
happens to be passing through a maximum and which does not interact with any other
variable; yet this contingency is remote and the designs are in fact of considerable value
for the purpose in hand. Their value is still further increased by the addition of center
points. By this means the designs are made to supply at least an “overall” measure of
curvature and some rough indications of experimentat error.

With fractional factorials, or indeed with any design that can be devised,
ambiguities of interpretation can arise. However, usually we will have fairly wide choice
of the particular fractional design to be employed and it will be possible so to arrange
matters that estimates of main effects and interactions are not associated with other
estimates thought to be of importance. The designs also have the great advantage
emphasized by Davies and Hay (2) and Daniel (3) that a first fraction can be a “block” in
any one of a set of larger fractions, the choice of the second fraction being decided from
the results of the first. For a screening investigation employing fractional factorials
therefore the iterative process proceeds somewhat along the following lines:

Conjecture:  Only three out of ten variables are likély to have appreciable effects.

Design: Use fractional factorial avoiding aliasing main effects with two factor
interactions which seem likely to be important and with a view to the
possibility of making this design part of a more extensive fractional
factorial. Include center points.

Experiment: Perform appropriate design in random order.

Analysis: Some method of indicating plausibility of various possible explanations of
data (such as Cuthbert Daniel’s half-normal plot (3)). Explanations based
on (i) simple redundancy (ii) redundancy after transformation (iit) redun-
dancy after transformation and/or omission of wild observations, particu-

* We can of course easily imagine functions which are far too complex to be represented
by anything so simple as an equation of second degree even locally but provision (iv)
above forces us to take risks.
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larly considered. General inspection which might suggest ideas not origi-
nally in mind of great importance.

Conjecture:  Based on those explanations of the data and on those new ideas which
were judged “important”.

Design: Arranged so that rival plausible conjectures could be separated and
“important” explanations further confirmed.

Some remarks on this process may be made. The function of analysis in the
scientific process is to facilitate consideration of the data in the light of all possible
explanations of it. We shall in this particular stage of experimentation have special
interest in detecting which of the variables are redundant. We, however, should not allow
this primary condition to impede proper inspection of the data from any other viewpoints
that might suggest themselves. The question of redundancy itself must be broadly
viewed. As Daniel has emphasized, a fuzzy picture can often be brought into sharper
focus by a suitable transformation of the data or by omitting certain of the observations
which may have been in error. His “half-normal plot” analysis provides a valuable way
of surveying the possibilities. Other methods might be employed. For example, an
electronic computer might be programmed to calculate values of likelihood or
“significance” associated with a very wide range of possibilities (for the problem
discussed it might calculate some measure of plausibility for the ten 9-variable
redundancies, the forty-five 8-variable redundancies, the one hundred and twenty 7-
variable redundancies etc. and the same for various transformations and for different
possible omissions of observations). It might then retain for report all of those having
more than a given degree of plausibility.

The question of whether the hypotheses considered in the analysis were in mind
when the experiment was planned is of course quite irrelevant in the present context. Itis
never true that we are barred from deducing new hypotheses from the data for test in later
experimentation. If that were so no progress would be possible.

In judging the importance of possible explanations of the data the measure of
plausibility is one of the things which must be considered. However, at least two other
elements must also be taken into account in the planning of further action. First, the
experimenter must consider whether the effects observed do or do not agree with what he
feels to be reasonable. If a hypothesis which seemed contrary to all reason were thrown
up as likely the experimenter would rightly require further evidence before he believed it.
Second, the experimenter must consider the observed effect in relation to its possible
utility. If the reality of an effect is in no real doubt but its direction is such that it can be
of little value, it will receive less attention than a less plausible effect of potentially higher
utility.
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4.1 Comments on the formulation of the screening problem

Two comments are appropriate concerning the general formulation of the
screening problem:

, First, it should be noted that the problem, as stated, is concerned with the
detection of redundancy of rather a special kind — namely redundancy of the variables
when they are considered in the particular manner defined by the experimenter. In
- practice where there are say ten variables which may affect the response we may well
find that perhaps half or more of them are redundant in this sense. It will probably turn
out however that redundancy of different kinds will occur among the remaining variables.

For example, in a problem in which the response “yield” depended only on the
ratio of two concentrations the particular decision to consider the separate concentrations
as variables, and not for example to consider “ratio of concentrations” as one variable and
“overall concentration” as the other, would mean that no redundancy would be found. To
quote a second example, it might be that in a cake-mix only one variable, the acidity of
the mix, was really affecting a certain response. If this were so, all variables which
affected acidity would be found to have effects, although by making suitable transforma-
tions of the variables these effects could be reduced to that of a single variable.
Geometrically this means that we are searching the space for redundancy only in those
directions parallel to rather arbitrary coordinate axes.

A second point which should be noted is that the appropriateness of the solution
given is dependent on the applicability of the assumptions (i) that only a limnited
experimental effort can be justified and (ii) that a rather complex experimental program
can be run. |

There are certainly very many practical situations where these assumptions apply,
but there are other situations where, provided the experimental designs employed are
simple and do not involve too many of the variables simultaneously, a continuous
program of small varieties of process conditions may be installed as part of the normal
production routine. This method of “Evolutionary Operation” has been described in (4).

5. Empirical Surface Study

The problem at this stage of experimentation is frequently to find optimum
process conditions and to describe the behavior of the response function in the optimal

region. The latter part of this sentence is emphasized because knowledge of the position
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of a single optimum point is seldom satisfactory. This is because (i) knowledge of the
local behavior of the function is essential to allow intelligent operation and control of the
process, (ii) to allow recalculation of optimum conditions when external features, such as
prices of raw materials change, we must know the local behavior of the response function
near the provisional optimum, (iii) usually the problem involves not one single response
but several responses (cost, purity, color of product, physical form of product etc.). To
arrive at a satisfactory compromise it is essential to know the local behavior of all the
response functions in the optimal region.

To allow progress to be made in this problem, iterations of different kinds occur

simultaneously.
5.1 Iteration in position

The results from a group of experiments may be employed to tell us where a
further group of experiments should be performed, so that the second group is closer to
optimum conditions than the first, or so that it straddles the region of interest more
satisfactorily. This is essentially a process of iterating in the position of the experiment
in the space of the variables. Examples of experimental procedure which do this are the
one factor at a time method, the method of steepest ascent, and methods of surface study
which employ canonical analysis of fitted second degree equations. The reader will have
no difficulty in distinguishing the components, “conjecture”, “design”, “experiment”,
“analysis” in such procedures. It will be noted that in practice “steepest ascent” and
“canonical analysis” are both examples of dynamic processes of analysis leading to

formulation of new experiments.
5.2 Iteration of scales, metrics and transformations

Not only must we iterate on the position at which observations are made in the
space of the variables but simultaneously on the way in which we choose to consider that
space. Thus initially the experimenter might propose a two-level factorial experiment in
which temperature was changed by fifteen degrees and time by three hours, thus implying
that at this stage of the investigation at least he regarded these changes as in some way
comparable (and consequently that if the response surface were visualized it ought at this
stage at least to be visualized so that differences of these magnitudes were represented by
equal distances in the space). Results of the first group of experiments might however
very well suggest either or both of these scales had been poorly chosen and that they

should be made wider or narrower in the next group of experiments.
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Again, a group of results might suggest that the metric associated with a given
variable was capable of improvement. - This is to say they might suggest it would be
possible to represent changes associated with that variable more simply and more
accurately in terms of some transformed quantity such as its logarithm or rectprocal. Itis
in fact possible to set out designs which facilitate the discovery of the most adequate
metric. As a general rule we would wish to avoid becoming involved in an elaborate
form of equation where a simple form would be adequate with modified metrics. If
possible, for example, we would try to use a first degree equation with modified metrics
rather than a second degree equation. Similarly, we would try to avoid the necessity for
cubic equations where second degree equations with modified metrics would suffice.
The préblem of how to design the experiments and to carry out analysis so as to be led to
the most useful metrics is one which is under current study.

Finally, there is the choice of transformation of the variables where these trans-
formations involve more than one variable. It is frequé.ntly the case that the response is
not most simply expressed in terms of the natural variables such as time, tempcraturé,
concentration but in some compound function of them. In the neighborhood of a
maximum the redundancy among the variables studied is usually evidenced by the
existence of ridges in the response surface. Study of the response function (for example
by canonical analysis) often leads to re-metricization of the problem in terms of a few
new variables which are compound functions of the more numerous old variables.

Thus initially we might be working in terms of variables x; and x, in terms for
which the response surface might be a ridge maximum like that shown in Figure 4a. A 22
factorial in this space would be represented by the “square” group of four dots. Aftera

number of iterations in which the metrics were changed and transformations introduced,
we might finally end up with a space defined in terms of new variables X, = f,(xp, %),

X, = £5(x}, x,), for which the response surface will take on the more symmetrical shape
shown in Figure 4b. A 22 factorial in this space is indicated by the crosses. We notice that
the “well designed experiment” in the first space becomes a “very poorly designed
experiment” in the second space and we see that in fact the concept of “ good design” is
entirely relative. In any absolute sense an arrangement of experimental points cannot be
said to be good except in relation to its power in elucidating the response surface. But
since we cannot know what the response surface is like until we have done some
experiments we must necessarily follow an iterative procedure in which we try to get a
glimpse of the surface and then modify our approach depending upon what we see. It

will not be until towards the end of the iteration that we are in fact getting arrangements
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of points which are ideally situated for the elucidation of the surface. In the same way,
any procedure which we use for analyzing the experiments must be based on our best
understanding of the situation at the time. Thus, for example, as Dr. Wilson and I (5)
emphasized in our original paper, the direction of steepest descent depends on the
particular scales, metrics and transformations chosen to describe the space of the
variables. At any given stage, the direction of the steepest descent is the best direction of
advance in the light of the best information available at the time as to what are the most
reasonable scales etc. in which to consider the variables. Like every other process in
experimentation it has no absolute validity but is as good as the auxiliary information
allows it to be. |

5.3 Iteration on the model and the design

Since we usually wish to conserve experiments and to make interpretation as
simple as possible, we should begin by making the simplest assumptions we can. At the
same time we should choose the experimental arrangement so that a warning will be
provided when a more elaborate model (and consequently a more elaborate design) or
more replication (hidden or direct) is likely to be needed to make further progress
possible. Thus in practice we might begin by performing a simple design such as a two-
level factorial or fractional factorial with added center points, replicating this design,
adding other fractions, or augmenting to form higher order designs as appeared necessary.

5.4 Relationship between numerical and experimental iteration

It is of interest to notice how closely the iterative experimental procedure we have
discussed matches iterative procedures for the solution of linear and non-linear equations
(6). If we have to solve a set of non-linear equations such as:

fl(xl, XZ) = 0
and (p(xl, x2) = [f](xl, xZ)]z + [fz(xl, x2)]2

the problem is equivalent to that of finding a minimum of the function ¢(x;, x;). The
contours of the function @ in the space of x;, x, may then very well look like those

shown in Figure 4a and iterative methods for finding the solution of the equation are
analogous to the methods of experimentation which we have discussed. In particular the
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one factor at a time method of experimentation is similar to the Gauss process for the
solution of the equations, the experimental method of steepest ascent has its correspond-
ing counterpart in the steepest ascent numerical method of Booth (6) and the experimental
method of using a locally fitted second degree equation is analogous to Koshal’s method
for fitting curves by maximum likelihood, (9). .

6. Theoretical Mechanisms

Either after a number of clues have been provided by results of empirical’
experimentation, such as that described in the last section, or sometimes without such a
preliminary investigation, it may be possible for the experimenter to conceive a theoreti-
cal mechanism which might describe the phenomena which are being observed. Thus, in
chemistry, kinetic theory may provide such a mechanism. From a mathematical analysis
of this hypothetical mechanism it will then usually be possible to produce some theoreti-
cal functional form which should relate the observations to the variables. Thus consider a
simple chemical example in which a reactant A was decomposed to form B which was
then subsequently decomposed to form C. With y;, ys, and y3 representing the yields of
A, B,and C attime t under certain well-defined assumptions the following set of
differential equations represent the system:

d

% =-ky

dy;

o= ki - koys (1)
dy

E.’z= kays

In this particular example (although not usually) an explicit solution of the differential
equations is available. For example, the yield y; of the intermediate product B at any

given time t is given by

et - ek @

Suppose that the resulis of a number of experiments are available. In this case, for
example, y, would have been observed at various values of t. The problems then are (i)
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to discover whether the assumed functional form is adequate to describe the data, and if it
is not in what way it is not; (ii) if the functional form does fit the data, to estimate values
of the unknown parameters (i.e. the constants k; and k, in our example) and to determine
their precision as measured by their standard errors and confidence region. Recent work
undertaken on this important problem (7,8) has shown that by using the numerical
methods it is possible to set up a general program on an electronic computer which will,
by an iterative process analogous to the experimental process we have discussed, answer
all the questions posed above and, furthermore, that this can be done whether the
functional form is given explicitly as in equation (2) above or implicitly as for example
by the differential equations (1).

It is found that such a program can be of great value in the formulation of
theoretical mechanisms. The experimenter may start off with a theoretical model which
he feels is almost certain to be inadequate but which will at least crudely describe the
process involved. Analysis of the “residuals”, that is to say the discrepancies between the
observed and calculated values when the best possible fit has been obtained, then enables
him to see in what way his first attempt at a model needs to be modified. With the model
suitably altered a second set of calculations will then be carried out on a computer. If this
model is again found inadequate the nature of the inadequacy is studied and this again
leads to further modification of the model. In this way, finally one or more plausible
mechanisms may be found which adequately describe the data already available. It will
be realized that such a process need not lead to a correct model but only to a formulation
which is descriptive of the data already collected. It is now necessary to set the computer
a new task, that of designing experiments which most severely test the model so far
postulated. We thus set up an iteration of successive analysis and design which together
can lead to convergence on the correct model.

7. Conclusions

What morals, if any, can we draw from this discussion? Some of these are as
follows:

i) Different situations require different techniques and a major attribute of a good
statistician should be to recognize the different situations and to have available
the different techniques.

ii) Much experimentation is iterative and it is the statistician’s function to assist this
process, The iterative nature of the process must affect his attitude both to design

and analysis, and to such specific things as significance tests.
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iii)

iv)

A strategy of experimentation for continuous variables is only good or bad in
relation to the surface which is-explored. Thus, as has been so well brought out
in the paper by McArthur and Heigl (10), performance on the black box assesses
a strategy not in relation to its absolute value but in relation to the surface which
is in the box. Because of this the important question we must ask is what sort of
surfaces occur in our particular type of work? When we know this we can devise
a strategy which will be appropriate. The particular techniques of experimenta-
tion which I devised in cooperation with Dr. Wilson and others were themselves
very much a product of the iterative process. We tried something and if it seemed
to work we kept it and if it did not we rejected it or modified it as seemed appro-
priate. The emphasis which the second order part of this strategy places on
canonical analysis etc. is symptomatic of the fact that the major characteristic of
the majority of surfaces which we studied was the existence of ridges or, to
express it in a different way, the occurrence of redundancy or partial redundancy
not in the variables as studied but in functions of these variables. Such experience
as I have had in other areas has led me to believe that this phenomenon may be
fairly common. The important thing is clearly to make a study of the types of
surface which occur in practice. So far as chemical problems are concerned, this
we have tried to do over the past six or seven years in two ways: firstly, by noting
the types of surface which have arisen in as far as they can be elucidated by the
techniques we have used; and secondly, by studying the characteristics of
theoretical surfaces. With the available modern computing equipment with
which differential equations can be readily integrated using numerical methods,
the elucidation of a wide variety of surface types can be accomplished.

A point which we have not been able to discuss fully in the body of the paper is
that in practice few problems of optimization are concerned with a single re-
sponse. Usually there are a number of responses such as yield, purity, color,
physical form etc. and, although in theory we could combine all these into a single
criterion of value or cost, this is in practice not a useable procedure, for it requires
the equating of incommensurable quantities. Questions like: How much does a
bad smell cost? At what cost should we assess the blowing up of the plant? How
often can we kill all the fish in the river? etc. are not easy to answer. A practical
solution of the problem which we have adopted is that of maximizing the
principal response such as cost subject to a series of restrictions necessary to keep
the other responses at satisfactory levels. A procedure analogous to linear
programming is then employed.
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vi)

vii)

In the response surface problem, what is usually needed is not just the position of
the maximum but also the nature of the function in this neighborhood. The exis-
tence of insensitivity to changes in specific direction (i.e. ridges) often make it
possible to find manufacturing conditions which are near optimal for several re-
sponses simultaneously.

A point which must not be lost sight of is the critical importance that an experi-
menter’s knowledge of the problem plays in any experimental process. I have
always felt that the statistician has at least as much and possibly more to learn
from the good experimenter than the experimenter has from the statistician. In
the process of in\;restigation we have described, the experimenter’s mind must be
in the circuit of iteration, particularly at the analysis and conjecture stages. This
means that the statistician’s analysis must be so expressed as to be clearly com-
prehensible to the experimenter and it must be such as, so far as possible, to
present all the facts in an undistorted way. The statistician must remember that it
is quite possible that the experimenter will see things in the data which he cannot
see because of his lack of special experience in the field concerned. Therefore, he
must not filter pieces of information which he feels are irrelevant but which in fact
may be critical. The experimenter must be given opportunity to assess the data in
relation to hypotheses other than those which are in the statistician’s mind.

The process we have described is rather like the operation of a servomechanism
and the rules for good operation are similar to the rules for good operation of such
a mechanism. For example, for efficient operation of such mechanism the signal
to noise ratio must be reasonably high, otherwise the system will be unstable.
Considerations of the plausibility of various hypotheses should be thought of in
this regard rather than in terms of formal significance tests.
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