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Chapter 3

Analyses of the Projection
Designs

3.1 Introduction

Let y denote the response and £, &, £ denote the proportions of the three
constituents in a mixture. Suppose we want to fit the following planar model:

y="%+mnb +vb+1ls+e (3.1)

Here ¢ is the error terni which is assumed to be i.i.d. and has mean zero and
common variance o?. Since &, &; and &3 are proportions, they are subject to
the following constraints:

L+b+é =1
0<§<1 i=1,2,3.

Because of the constraint £ + & + £3 = 1, the representation (3.1) 1s not
unique. In other words, different sets of ¥’s can give the same response
surface. In the estimation context, the problem is that the design matrix is
singular. To be precisc, let D¢ be the n x 4 design matrix consisting of the
column of Us, &, & and €. Also let y be the n x 1 vector of observations
at the design points. Then the least-squares estimator T = (For 12 ¥y F3)"
is the solution of the following normal equation:

D¢D¢y = Dgy
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If D; were nonsingular, then
¥ = (D¢De) ™ Dey

When the design variables are subject to some constraints, D¢ 1s singular
and therefore the inverse of D} D, does not exist. There are several standard
methods to deal with tliis problem. The first method is to use the generalized
inverse of D} Ds. The second method is to add extra constraints to make Dy
nonsingular. The last method is to find a parameterization of the model so
that the resulting design matrix is nonsingular. The last method is commonly
used in the context of inixture designs. See e.g. Cornell {1981). For example,
the model (3.1) can be written as:

E(y) = vo+mb&+mb+ 76
= (& + &+ &) + b + 12 + 13s
= (o +7)b+ (+7)+ (o + 73)s

Letting 47 = v, + ¢
E(y) =& + 76+ 736 (3.2)

For the parameterization (3.2}, the corresponding design matrix will be
nonsingular. For a review of the three methods mentioned above, see Seber
(1977) and Cornell (1581).

~ In the context of constrained designs, the three methods mentioned above

have the disadvantages discussed below. The method of generalized inverse
involves quite complicated computations. The variance of the estimates has
a complex form and therefore is difficult to study. In the second method, the
sultable extra constraints are not readily found. For the last method, different
parameterizations have to be considered for different forms of constraints.
Therefore, the computation and the study of the variance properties are
difficult.

In this chapter, we will propose a method of analyzing the projection
designs. The idea is to link the design and the response surface in the con-
strained space with a standard design in the unconstrained space. To illus-
trate the idea, let us consider a simple example. Suppose we are considering
a relationship between an average response E(y) = 1 and the levels of two
variables 71, 2 in the constrained design space defined by:

7 Fzp2=0, and —1 < 21,2, £ 1.
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Figure 3.1: Link between a unconstrained design and its projection design



In Figure 3.1, the linc segment which passes through B,0 and D defines the
constrained design space. The 2% projected factorial {PF) design consists
of one point at B, one point at D and 2 points at O. This design is the
projection of the 2% design, which consists of four points A,B,C and D. The
arrows indicate the direction of the projection. We are now interested in
the response surface c;c; over the constrained space BOD. To transform
the problem to the unconstrained space, we can imagine that we could run
experiments over the unconstrained space but all the information is contained
in the constrained space. To do this we can assume that the response surface
is a cylinder over the unconstrained region as shown in Figure 3.1. The
cylinder ujusuzuy has the same values along the direction of projection. Now
the two problems are cquivalent in the sense that if we know the cylinder
then we know e;c;, and if we know ¢;¢c; then we know the cylinder. Now we
can treat the problem as if there were no constraints on the design variables
but the response surface were a cylinder.

A cylindrical respouse surface can be represented by a response surface
model in which the coefficients are subject to constraints. To estimate this
cylinder over ABCD, the appropriate estimation method is the restricted
least-squares (see e.g. Seber (1977)). If we perform ordinary least-squares es-
timation instead, the corresponding fitted response surface over ABCD would
be different from that estimated from the restricted least-squares method.
We shall show that this difference is very small and in some cases zero over
the constrained space BOD, and that to an adequate approximation, the
projection design can be analyzed by ordinary least-squares method as if the
data came from the unconstrained design.

3.2 Model and Estimation

We need the following notation to begin with:

y: n x 1 vector of observations;
D, : n x k full rank design matrix in variables z;
R: r x k full rank matrix of constraints

D;: n x k design matrix in variable z;

Let P, = I-RYRR")"'R, D, = D,P,. It is easy to verify that D, R* = 0.
Therefore, D, is of rank k-r.



Suppose we are intcrested in fitting the observational model:
y=D.vy +¢ (3.3)

subject to: D.R* =0 (3.4)

Here ~ is a k x 1 vector of coeflicients and ¢ is a vector of random errors
with E(e ) = 0 and var(e ) = o2I. Since D, has rank k-r, we run into the
problem that the design matrix is less than full rank. To get around this
problem, we can express the model in terms of D.:

E(Y) = D
D.P,v
= Dzﬁ/ *

Since 4 * = P.~ , + * are subject to the constraints R~ * = 0. Strictly
speaking, v * should be estimated by the restricted least-squares estimators
4 g

5 = = (D:D,) RA(R(DLD,) R R
where 4 is the ordinary least-squares estimators:

§ =(D.D:)"'Dly

However, the difference between 4 5 and 4 is small in the following sense.
Let:

5 = (y_Dz‘? )t(y"Dz‘?)
Sp = (y—-D.v RNy — D:¥ r)
= (RSSR—RSS)/r
= RSS/(n — k)

R R 5

When A~ * = 0 by the standard theory in hypothesis testing for linear
models (See e.g. Seber (1977), Chapter 4), we have:

E(S}) = o?

E(§Y) = of
Define )
)
G2



then F has F-distribulion and:
E(F)y=1

Therefore when B " = 0,4 pand 4 are close in the sense that the difference
of the resulting residual sum of squares RSSr — RSS is due to the random
errors, that is, $%4 ~ ¢% or F ~ 1.

In the following sections, we will show the estimations for the first and
second order model fit into the above general theory.

3.2.1 Fitting First-Order Model

Recall x = (zy,72,...,2,)" is a coded projection design point that satisfies
Ax = 0, where A is an m x q matrix of constraints. This point is obtained
by projecting an appropriate unconstrained design point z = (21, 22,. . ., 2,)7,
i.e.,x = Pz where P =] — A'(AA")1A.

Suppose we are interested in fitting the first order model for the g-factor
projection design:

N = Yo+tmnIit+ T+ ...+ Y2,
= (1,x")y

Here‘y = (70?71,‘7’21---7'7q)t' )
Let D, be the n x (q+1) matrix of the n unconstrained design points

augmented by adding a column of 1’s in the first column. The matrix D, is
similarly defined except that the projection design points x are used. These
two matrices are relatcd by a projection:

D:=D.P,

where

Here the dot . means a block of zeros with appropriate dimensions. Since P is
a projection, 1t 1s easy to verify that P, is also a projection. The matrix D, is
subject to the constraints D;R* = 0, where R is the matrix A augmented by
adding a column of 0’s in the first column. Then the first-order observational
model is:



E(y)= D:vy (3.5)
Or writing 4 * = P.+ , (3.5) can be written as:

E(y)=D.v" (3.6)

subject to the constraints Ry * = 0.

We are going to show that:

If D, is an orthogonal design, that is, D' D, = nl, then the least-squares
estimators in the conslrained space of v are 4 = (D'D,)™'D.y.

In fact, the restrictcd least-squares estimators 4 5 in model (3.6) are (see
Seber(1977) p.83):

4r = 7 —(DD.) RYAR(DLD.) ™ R) ™R )

But Di!D, = nl, therclore:
4 n= (I~ R(RR)'R)F = P.§
Therefore, the fitted model is:
y=D:P.y
Recall that D.P, = D,, therefore the fitted model is exactly:
y=D:v

Therefore in the coustrained space, the restricted least-squares estimators
4 n is exactly the same as the ordinary least-squares estimators 4 if an
orthogonal unconstrained design D, is projected.

Also under the usual assumptions that the model is an adequate repre-
sentation, and that thc errors of the observations are independent and have
constant variance o2, the covariance matrix of ¥ is:

2
var(9 ) = oX(DLD,)™ = 1

n



Therefore,
var(y) = var(D;¥)
= ZD.D}
= ZD.P.D}
Recall that m is the number of constraints, n is the number of observations
and g + 1 is the number of parameters needed to be estimated. The analysis

of variance is summarized in Table 3.1:

Source Sum of Squares d.f. Exp. Mean Square

Due to =, ny? 1
Linear Effects n4d ‘P~ qg-m o + Iy tPy
Residual Siy—9)? n—-l-—gq+m o2
Total T y2 n

Table 3.1: Analysis of Variance for First Order Projection Designs.

An Example

Suppose we want to make a blended gasoline from 5 gasoline stocks A,B,C.D
and E. The design variables &, &, €3, £y and &5 are the proportions of the dif-
ferent stocks respectively and that the response of interest is miles per gallon
(MPG). Suppose further that in order that engine tests can be performed
under experimental conditions, all experiments are required to have a cer-
tain fixed octane number T, = 79. The octane number T is, to an adequate
approximation, a linear function of the proportions of the different stocks:

T = 20&, + 40&; + 100&5 + 70&5 + 50¢5

Then the design variables have to satisfy the following two constraints:

b+ H+G+6+E6 = 1 (3.8)
20, + 40&; + 10083 + 708 + 5065 = 79 '

Suppose we wish to experiment around a standard mixture of 5% A, 5%
B, 50% C, 30% D and 10% E. Thus the center of the design is at e
(c1, €2, €3, €45 ¢5) = (5%, 5%, 50%, 30%, 10%). Suppose further that the region
of interest specified by the experimenter is ¢; & r;, where:

m= 2%, ry = 2%, ry = 10%, Ty = 5%, s = 4%

8



Then, the scaled variables:
Ei — ¢

xr;

R
Il

must satisfy the consiraints:

0.02z1 + 0.02z2 + 0.1z3 + 0.0524 + 0.04z5
(0.02)202, + (0.02)40z2 + (0.1)100z; + (0.05)T0z4 + (0.04)50zs

Recall that « is the size parameter and its value will be computed later.
When simplified, the constraints become:

0
0

It

2z, + 2x9 + 1023 + Sz4 + 425 = 0 (3.9)
4.’131 + 8.1'2 -+ 100233 -+ 35394 + 20I5 = 0 '

Now if there were no constraints, the following 257! design might be em-
ployed:

-1 -1 -1 -1 1
1 -1 -1 -1 -1
-1 1 -1 -1 -1
1 1 -1 -1 1
-1 -1 1 -1 -1
1 -1 1 -1 1
-1 1 1 -1 1
1 1 1 -1 -1

Z= -1 -1 -1 1 -1
1 -1 -1 1 1

-1 1 =1 1 1

1 1 -1 1 -1

-1 -1 1 1 1

1 -1 1 1 -1

-1 1 1 1 -1

1 1 1 1

To obtain the projoction design which satisfies the constraints (3.9), we
regress each row of Z onto the two constraint vectors and take residuals.
Using the notation in Chapter 2, the matrix of constraints is A, where:

(2210 5 4
=14 8 100 35 20



The projection matrix is P = I — A¥(AA*)~1A. Then the projection design
X in the scaled variables is:

100X = 100Z7°
—76.68 -77.65 —2.76 —47.75 143.74
13293 -69.33 19.53 -31.78 —40.91
—32.57  140.77 3.93 -23.05 —25.12
31.59 55.22  30.66 —123.31 34.08
10.56 —21.80 5.57 —25.86 24.03
94.71 -107.35 3230 -126.12 83.23
-20.78 102.75 16.69 -117.39 99.02
118.82 111.06 38.99 -~101.42 —85.63
~36.09 —64.13 —41.20 159.54 —36.30
28.06 —149.68 -—14.48 59.28 22.90
—1357.44 60.42 —30.08 68.01 38.69
52.17 68.74 —=T7.79 83.98 —145.96
-24.31 -102.16 —28.44 65.20 87.85
113.29  -93.84 -6.15 81.17 -96.81
—-70.20 116.26 —-21.75 89.89 —81.01
13.95 30.71 498 -10.37 -21.81

In the matrix X, the largest number is 1.5954. Thus, in order for the
design to lie just inside the region of interest, the size parameter should
be o = 1/1.5954 = 0.63. The projection design in the original variables
£ = ar;x; + ¢; 1s shown in Table 3.2.

Again, the ranges of the variables in the design are not exactly the same
as those given by the experimenter. In particular, for the reasons already
discussed in Section 1.3, the range of £3 in the design is quite different from
what is given initially. Suppose with better understanding of the constrained
space, the experimentcr ran the design and and obtained the 16 responses y;
shown in the last column of Table 3.2.

10



run # | 1006, 1002, 10065 100&s 1004 |
1| 104 403 49.83 28.50 13.60 |50.6
2l 6.67 4.13 51.22 29.00 8.97!49.8
3| 134 6.76 50.25 29.28 9.37 | 34.8
4] 35.40 569 51.92 26.14 10.85 | 44.6
51 513 473 50.35 20.19 10.60 | 41.1
6| 6.19 3.65 5202 26.05 12.09 |55.5
71 3.8 6.29 51.05 26.32 12.48|40.8
8| 6.49 6.39 52.44 26.82 7.85|45.3
9| 130 420 47.42 35.00 9.09 | 34.7
101 535 312 49.09 31.86 10.57 |45.9
11] 3.03 576 48.11 32.13 10.97 | 326
12| 565 5.86 49.51 32.63 6.34 335
13| 3.82 372 4822 32.04 12.02 |4l4
14| 645 3.82 49.61 32.54 7.57|40.5
15! 412 6.46 48.64 32.82 7.97|25.3
16| 517 539 5031 29.68 9.45 408

Table 3.2 The Projection Design for the Gasoline Example

To fit the first-order model:

§ = % + &1 + YT + F323 + JaTa + 15T5

we can analyze now the data as if the responses y; in Table 3.2 came from
the original 2°~! design. The estimates 4; are thus obtained simply from the
sums of products of the response vector with the appropriate columns in the

25-1 design. For example:

Y = g =41.08

o = Ll-n—ntystya-ys —Yetyr T s
—yo—ym+yu+y12—yls—y14+y15+y1s)
= =337

and the fitted equation in terms of the scaled variables z; is:

i = 41.08 + 3.42z, — 3.87z2 + 0.26z3 — 4.24x4 + 2.95z5

11




Using the relationship :
i —c
Ty = )
ar;

we can express the fitted equation in terms of the original variables &’s:
§ = 69.47 + 271436, — 307.146; + 4.13&; — 134.66, + 117.06¢5

subject to the constraints (3.8).

As we have seen in Table 3.2, the levels of the constrained variables £;'s
are quite “irregular” numbers. Furthermore, the columns of the designs are
linearly dependent. If we analyze the design in terms of £;’s, the computations
would have been difficult. It is very interesting that we can get around these
difficulties and estimate the coefficients as if the design were the 2°~! design.

3.2.2 Fitting a Second-Order Model

Recall that z = (21, ,...,2,)" are the unconstrained design variables, A
is an m x ¢ matrix of constraints, and x = (z1,z2,...,7,)" are the scaled
constrained design variables obtained by:

x= Pz

where P =T — AYAA")7TA.

Suppose we are interested in fitting the second-order model:
g9 q
n= %+ Z YT + Z‘mw? + Z VijTiT; (3.10)
=1 i=1 <]
subject to: Ax =0

Let y be the vector of responses observed at the design points, D, and
D, be the design matrix in 2’s and z’s corresponding to the second-order
model (3.10). That is. the design matrix D, i1s formed by the columuns of

Lz, oo, 24,25, .00, zqz., 2122, ...y Z9-1%¢. Olmilarly, the design matrix D, is
formed by the columns of 1,z4,..., 7525, ..., :1:3,:01;1:2, ey Tgo1y. We shall

show that there is a projection matrix P, such that:

D, =D.P, (3.11)

12
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To see that, we need the properties of derived power and Schlaflian matrix.
See Aitken (1948), Aitken (1949) and Box and Hunter (1957) for more details.
Some review and the proof of (3.11) are included in Appendix 3.A.

Since there is a projection P, such that D, = D.P., as discussed in
Section 3.1,4 can, to an adequate approximation, be estimated by v =
(DiD.) D'y, which are the least-squares estimates as if the data came
from the unconstrained design. The analysis of variance can be done by the
standard regression technique. In the following example, we demonstrate
numerically how close the approximate least-squares estimates and the exact

least-squares estimates are.

An Example

Let us look at the cake example discussed in Section 2.3. Recall that the
constraints are:

£1+§2+63+{4‘—“100
26 + & + & = 130

The composite design Z is projected onto the constrained space. The pro-
jection design and the responses are shown in Table 3.3.

13



zZ X
run# | 2y oz Z3 24 Iy T T3 xy | & & & Ca| ¥
1 -1 -1 -1 -1 0 0 0 0140 20 30 10|39
2 1 -1 =1 —1| 1/2 =1/2 —-1/2 1/2|42 18 28 12!74
3 ~1 1 -1 =1|-=-1/2 3/2 -1/2 -1/238 26 28 828
4 I 1 -1 -1 0 1 -1 0id40 24 26 1054
5 |-1 -1 1 —1|-1/2 —1/2 3/2 -1/2[38 18 36 8|77
6 1 -1 1 -1 0 -1 1 040 16 34 10|59
7 -1 1 1 -1 -1 1 1 =136 24 34 628
8 1 1 1 —1|-12 1/2 1/2 —1/2|38 22 32 8|76
9 -1 -1 —1 1| 1/2 -1/2 -1/2 1/2|42 18 28 12|75
10 1 -1 -1 1 1 -1 -1 1144 16 26 14|25
11 -1 1 -1 1 0 1 -1 040 24 26 10|33
12 | 1 1 =1 1] 12 1/2 -3/2 1/2|42 22 24 1258
13 (-1 -1 1 1 0 -1 1 040 16 34 10|63
14 1 -1 1 1, 1/2 =3/2 1/2 1/2(42 14 32 12|27
15 |-1 1 1 t|-=1/2 1/2 1/2 —1/2|38 22 32 8,75
16 1 1 1 1 0 0 0 040 20 30 10|90
17 2 0 0 0 1/2 —-1/2 -—-1/2 1/2{42 18 28 12|73
18 |—=2 0 o0 o|-1/2 1/2 1/2 -1/238 22 32 8|75
9 | 0 2 0 o|=1/2 3/2 —-1/2 —1/2(38 26 28 8|29
20 | 0 =2 0o ol 1/2 —3/2 1/2 12|42 14 32 12|27
21 6 0 2 0l-1/2 —-1/2 3/2 —1/2|38 18 36 8|78
2 | 0 0 -2 0] 12 1/2 -3/2 1/2|42 22 24 12|57
23 [0 0 0 2| 12 -1/2 -1/2 1/2]42 18 28 12|75
24 0 0 0 -2|-1/2 1/2 1/2 -—-1/2|38 22 32 8,7
25 0 0 0 0 0 0 0 0|40 20 30 10|88
Table 3.3: The Design and the Responses for the Cake Example

Suppose we are intcrested in fitting the second-order model:

N = Y+ N1+ 2Tz + YaTa+ Vals + 2] + 2223+
Y3373 + aaZ3 + N22122 + N13T1T3 + Val1 L4t (3.12)

Vo3T2Z2 + Y24T2T4 + V34T3T4

14




We have shown that the coeflicients in (3.12) can be estimated as if the re-
sponses came from the composite design Z. The design matrix D, is formed
by the columns of 1, =y, 22,23, 24, 22, 22, 23, 22, 2129, 21 23, 2124, 2223, 2224 and
2324, where z; to z4 are shown in Table 3.3. Let the estimates of the coeffi-
cients be 4 , where:

A

1= (F1a A T3 a0 35, Va5 330 Fas F12s 13 A14s 235 F24, Yae)

As discussed before, the approximate least-squares estimates & are:
¥ =(DiD.)"' D}y

As a result, the fitted equation is:

7 = 88.00 —1.20x, — 0.96z; + 3.3823 — 0.962,—
3.82x% — 15.3222 — 5.45x3 - 3.322% + 13.31z 22+ (3.13)
2,691 23 — 6.69x 24 + 7.06x023 + 12.442514 + 3.06x314

subject to the constraiuts:

Ty 4+ T2+ T3+ T4 0
2r, + 9 + 23 = 0

The contour of the fitted surface is shown in Figure 3.2.

To compare the approximate least-squares estimates in (3.13) with the
exact least-squares estimates, let us express the model (3.12) in terms of
design variables which are linearly independent. From the constraints, we
have:

—(21:1 + (Eg)
- (3.14)

I3
Ta

Substituting (3.14) iuto (3.12), we obtain a model in terms of the linearly
independent variables x, and z; as follows:

1= Bo+ Brz1 + Boza + Buizi + Brazs + Br2z172 (3.15)
where:
ﬁo = %
B = m—-23+m
Bz = M-
B = v+ dyaz + yaa — 213 + Y14 — Y34

B2z 22 + Y3z — Y23
Bz = 4y + m2— T3 — 2723 + Y24 — Y34

15



Figure 3.2: Contour of the Fitted Surface in the Cake Example
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Substituting the estimates % in (3.13), we obtain the fitted equation with
the approximate least-squares estimates as foliows:

j = 88.0 — 8.922) — 4.34z, — 47.13z] — 27.86z5 — 15.917122 (3.16)

The mean residual sum of squares s, from the fitted equation (3.16) is

where RSS is the residual sum of squares and df is the degree of freedom (
which is 25 — 6 = 19 in this example).

If we use the exact least-squares procedure to fit the model (3.15) directly,
the fitted eguation is:

§ = 88.0 — 8.922, — 4.33z; — 48.92z% — 28.43zF — 17.11x172 (3.17)

and the mean residual sum of squares s3 from (3.17) is:

31 2”%‘8}:§=34S

As we can see in this example, the approximate least-squares estimates and
the the exact least-squares estimates are very close.

3.3 Economical Second-Order Projection De-
signs

In the previous sections, we have seen that if we need a dth (d=1,2) order
constrained design, we can begin with a dth order unconstrained design and
project it onto the constrained space. We have shown that certain properties
of the unconstrained design are preserved in the constrained design after
the projection. For example: analyzing first order constrained designs is
exactly the same as analyzing the original unconstrained designs if first order
orthogonal designs arc projected; analyzing second order projection designs
is, to an adequate approximation, the same as analyzing the original second
order unconstrained designs; the constrained designs can be fractionated and
blocked in the same way as the unconstrained designs.

17



However, we may not need to project a full second order unconstrained
design to get a full second order constrained design. In fact, we can construct
more economical constrained designs by projecting resolution V factorial de-
signs onto the constrained space. This is because when the coded design
variables x are constrained by Ax = 0, we do not need all the terms in the
full second order model (3.12) to describe a full second order surface in the
constrained space. For example, suppose there are three variables z,, z; and
z3 and they are constrained by z; + 23 + 3 = 0. The full second order model
has the following form:

N = Yo+ MT1+ T2T2 + Y3Ta+ V120172 + N13T1T3 + Y23%2T3
+7127 + 72275 + Y3303 (3.18)

Since 1 + 3 + 23 = 0, we have:

;= —{z2+ x3)
T, = —(r1+13)
T3 = —{(z1+z2)
Therefore,
1] = —x1(z2 + T3) = =715 — 7123

Hence the model (3.18) can be written in the following canonical form:

N =Y +MT1 T Y2l2 + V3Ta + V,T1T2 + ViaT1Z3 + V53T2T3

where:

M2 = 2= 71— T2

M3 = T3 — Y1 — Y33

Y23 = Y23 — Y22 — Va3

In general, we can describe a second order surface in the constrained space

by the canonical polynomial which includes only the “main effect” terms and
the “two-factor interaction” terms. Since resolution V factorial designs can
estimate all “main effccts” and “two-factor” interactions, we can construct
economical second order constrained designs by projecting resolution V fac-
torial designs onto the constrained space. In this section, we consider the
estimations of the second order canonical models when the 2977 designs are
projected.
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Recall that z' = (=1, 22, ..., 2,) are the unconstrained design variables, A

is an m x ¢ matrix of constraints, P = T—AYAAY TA, x = (21, T2, .. 2g)" =
Pz are the constrained design variables. Let

f(z) = (2122, 212340444 zq—lzq)t

f(X) = ($1$2,I1I3,...,$q_1$q)t

7= (e )

Y 2 = (712’7137--‘a7q—1.q)t

For example, when ¢ = 4

f(x) = (561502,31333,21374,3323’33,$2I4’$3$4)t
Y2 = (712,713,’}’14,‘)’23,724,734)t

When X is subject to one or more equality constraints Ax = 0, the
following canonical polynomial can describe a full second-order surface in
the constrained spacc:

1= X7+ (0
{ subject to: Ax =0 (3.19)

The canonical polynomial (3.19) is used widely in the context of mixture
experiments. See e.g. Cornell (1981).

Let Z; be the n x ¢ matrix of unconstrained design points consisting of
the columns zy, 22, ..., 2, Let Z; be the matrix consisting of the columns
2122, 2123, -~y Z9=12q, a0d ¥ = (¥1,¥2,..-,Yn)" be the vector of responses.
Assume that the unconstrained design has the following properties:

12, = 0
17, = 0
ZiZ, = 0 (3.20)
Z{Zl = nl
27, = nl

For example, the 27 and the 2777 designs have the above properties. Let:

3, =7
B, = (Ztz) '\ Zly = LZly (3.21)
8, = (ZiZ,)'Ziy = :Zyy
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We shall show that the least-squares estimates %,,¥ |, ¥ , of the coeffi-
cients in (3.19) are just linear transformations of 3,, /3 , 3 5 in the following
forms:

‘?1 = télA
Y. = MB, (3.22)
Yo = ﬁo_at"?z

where the matrix M aud the vector a are to be computed. We will illustrate
the estimation procedure for the model (3.19) by an example in next section.
Then the method for computing M and a in general will be given in Section
3.3.2. The analysis of variance will be discussed in Section 3.3.3.

3.3.1 An Example: Second-Order PF Design under
Mixture Constraint
Suppose that ¢ = 3 and we want to run a second order PF design for a

q-component mixture cxperiment, i.e., we want to run an experiment with q
factors &, &,, ..., &, where the factors are subject to the constraints:
g ]

Sttt +& =1
0<&<1 i=1,2,...,q.

Suppose we want to run the mixture experiment using the 2° design given
in Section 2.1 and the responses are shown in Table 3.4

Z Xy §

21 23 23 Iy L2 T3l & 3 £a ¥
-1 -1 -1 0 0 01/3 1/3 1/3| 148
1 -1 -1 4/3 -2/3 -=2/312/3 1/6 1/6 133
-1 1 -1 —2/3 4/3 —2/3|1/6 2/3 1/6|152
11 —1] 2/3 2/3 —4/3(1/2 1/2 0166
-1 -1 L1 =2/3 —2/3 4/3 1/6 1/6 2/31125
1 2/3 -4/3 2/311/2 0 1/2|112

-1 1 1] -4/3 2/3 2/3 0 1/2 1/2 152
1 0 0 011/3 1/3 1/3]149

Table 3.4: The Mixture Experiment and Responses
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The actual experiments are run at (&, &,&3)" and their responses y are
in the last column. Following the notation in the last section, let Z; be the
matrix consisting of the first three columns in Table 3.4, Z; be the matrix
consisting of the product terms (2122, 2123, 2223), which corresponds to the
two-factor interaction terms from the 2 design. Then:

3, = § = 144.875

.1
B\ = ~Z{y = (0.625,9.875, ~10.375)’

A 1
8,= ;Z;y = (2.125, —4.625,6.125)"

Here, n = 27 = 8 is the number of design points.
We are interested in fitting the second order canonical polynomial:

n o= Yo+xy i+ (X,
= 4, + T+ Y222 + V3T3 + V122182 + 132123 + Y23T2T3

We will show later that the least-squares estimates 4; of +; can be com-
puted through 3; as follows:

Y1 = 61‘
Y2 = 1}Iﬁ2
'}o = 50—3“?2

where a = —(1/3,1/3,1/3) and M is:

2 1/2 1/2
( 1/2 2 1/2 )
1/2 1/2 2

M

Therefore,

4, =8, = (062519875 —10.375)"
5 ,= Mg, =(5.0,-5.12511.0)"
4, = fg — ald , = 144.875 — (—3.625) = 148.5
Hence, the fitted canouical polynomial is:

y = 148.5+4 0.625x, + 9.875z, — 10.373z3
+53.0z122 — 5.1207123 + 11.0x9z25
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(0,0,1)

Figure 3.3: The Estimated Response Surface in the Mixture Example
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The contour of the fiited response surface is shown in Figure 3.3.

For the general g-component mixture experiment, the relationships (3.22)
still hold for the 27 PF designs. We only need to determine what a and M
are. It turns out that they can be easily generated. In fact, the vector a
is equal to —(1/¢,1/q,...,1/q)". The method for generating M for the g-
component mixture case is given in Appendix 3.B. The exact forms of M
are also given for ¢ = 3,4,3 and 6 as examples.

3.3.2 Estimation of Second Order Canonical Models

Recall that y is an n x 1 vector of observations, Z; isann X g matrix of un-
constrained design points, Z is an n x C§ matrix of “two-factor interaction”
terms obtained from Z,. Let

D.=1{1,2,,7,)

Assume the design is chosen so that (3.20) are satisfied. The assumptions
(3.20) are equivalent to:

(DLD.) =nl
Let:
D. = (1,X:,2,)
Note that:
1'X, = 1'Z,P =0
1'Z, = 0

XiZ, = PZlZ, = 0
Consider the model:

n = Bo+x'B,+f(2)B, (3.23)
subject to: Ax =0

We refer to (3.23) as the ANOVA model and we will see why in the next
section. w st .t

The least-squares cstimates 3 = (80, 8 1,3 2) of the coefficients in (3.23)
are the solutions of the following normal equation:

DLD.B = Diy (3.24)
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We are going to show that ,é = -:;Diy satisfies the normal equation
(3.24). In fact:
n

DD, XX,

AYA

()

where the dots in the matrices are blocks of zeros with appropriate dimen-
sions. Therefore:

D'D,D! = nDt

As a result: )
~D.D.Diy = Diy
n
That is, the normal equation (3.24) is satisfied and therefore ,B are the least-
squares estimates of the coefficients in the ANOVA model (3.23).

Now we have the fitted ANOVA model:

7= B+x'8,+f(2)8, (3.25)
subject to: Ax =10

For prediction purposes, however, it is more convenient to express the fitted
surface in terms of the -onstrained design variables as follows:

o= et X+ (' (3.26)
subject to: Ax =0

We will refer to (3.26) as the prediction model. Now, we need to find the
transformation which relates f(z) to f(x). This is what we are going to do
next.

Recall the projection matrix P = I — A'(AA")"'A. Denote the ijth
element of P as p;;. Let @ denote the Kronecker product operator. In
Appendix 3.C, a review of the Kronecker product is given. Since x = Pz, we
have:

x®x = Pz® Pz

- (PRPR® (3.27)
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Here:

2@z = (nzf nz. .. 2z

x@x = (;xt,zxt, ..., z,x")
puP psz e p1qP
quP pqu e pqu

From (3.27) we have:
2 g
TiT;= Y. D PikPiZRA
k=1 =1
By the choice of the design, 22 = 1. Thus:

q
T = Z PikPjk + Z(Pikpﬂ + papix)2rzi
k=1 k<l

Since P is a projection matrix, P? = P. Therefore:
g
Z PikPik = Pij
k=1

Hence we have:

rir; = pij -+ Z(Pikpj[ + papjr)zezi (3.28)
k<t

From (3.28), we can write down the relationship between f(z) and f(x) in
matrix form as follows:

f(x) = a+ Hf(z) (3.29)

For example, when thcre are three factors, i.e., ¢ = 3:

f(x) = ($1I2,I1$3,$2$3)t
f(z) = (2122, 2123, z223)"
a = (p121P13,P23)t

pup: + 2Pt Puibas + PapPat PizPes t+ P1apee

H =1 pupsn+ p2pa1 Pupss + P1apa1  P12P2s + Prapa

paipsz + Pr2Pa1 Paip3s + Pa3Par Pa2P2s t+ P23Paz
What we want now is Lo express f(z) in terms of some transformation of f(x).
The transformation (3.29) holds for arbitrary multiple linear constraints.
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When there is only one constraint, the matrix H is nonsingular. Therefore,
if we let M = H~?, then:

f(z) = M(f(x) — a) (3.30)

Since P is symmetric, so is H and hence M is also symmetric. Plugging into
the fitted ANOVA model, we have:

i o= BtxBi 4S8,
Bg+xtﬁl:+-(f(x)ia)‘MB2 .
(8o —a'MB ) +x'8 1 + f(x)'MB ,

Therefore, the least-squares estimates in model (3.26) are:

I

Y. = BlA
Y, = ]}fﬁz
Yo = ﬁo_at‘?2

In the g-component mixture case, the matrix M = H~! has a simple form
which is given in Appendix 3.B. We can check that by the definition of the
inverse of a matrix. \When there are multiple constraints, everything is still
valid except that H is singular. In that case, the matrix M is not unique.
One solution is to use the generalized inverse H~ of H. Algorithms such as
singular-value decomposition can be use to compute H™. Software packages
such as S can be used to calculate H~ easily. In the following, we will give
two examples.

Example 1: Suppose we are running an experiment with 4 factors subject
to a single equality constraint as follows:

131-—172-{*2.’1:3-—1‘4:0
That is, A = (1,—1,2, —1). Then the projection matrix F:

P = [— AY(AAY'A

0.857 0.143 —0.286  0.143
0.143  0.875 028 —0.143
—0.286 0.286 0.429  0.286
0.143 -0.143 0286  0.857
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The H matrix is:

0.755

0.204

-0.102

A= —0.20:%
0.102

0.082

Therefore,

0.204
0.449
0.204
—0.020
0.082
—0.020

And the matrix M = I is:

2.0
—-1.0
0.5
1.0
=0.5
0.0

M=

-1.0
3.125
-1.0
-0.125
0.0
—0.125

—0.102
0.204
0.755
0.082
0.102

—0.204

0.5
-1.0
2.0
0.0
—0.5
1.0

—0.204
—0.020
0.082
0.449
0.204
0.020

(1312, P13y P14 P23 P24 P34)
(6.143,-0.286,0.143,0.286, —0.143, 0.286)

1.0
—0.125
0.0
3.125
-1.0
0.125

0.102
0.082
0.102
(.204
0.755
0.204

=0.5
0.0
-0.5
-1.0
2.0
—1.0

0.082
—0.020
—0.204

0.020

0.204

0.449

0.0

—0.125

1.0
0.125
—-1.0
3.125

Example 2: Let us \isit the cake example again. Recall that the coded
design variables in this example are constrained by:

0
0

+ o2
+ z2

+ z3
+ I3

+ 4

I
211,'1

The projection matrix P = I — A (AA")"' A is shown in Section 2.3. Here A
is the matrix of constraints. From P we can calculate / which is as follows:

0.23
0.0
—0.125
—0.125
0.25
0.0

H =

0.0
0.25
-0.125
-0.125
0.0
0.25

—0.125
-0.125
0.125
0.125
—0.125
—0.125
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—0.125
—0.125
0.125
0.625
—0.125
—-0.125

0.25
0.0
—0.125
—0.125
0.25
0.0

0.0
0.25
—0.125
-0.125
0.0
0.25



Therefore we have:

a' = (P2, P13 Pras P23, P2a, P3s)
= (=0.25,—0.25,0.25, —0.25, —0.25, —0.25)
and M = H™ is:
0.9 —-0.1 -04 0.4 0.9 —-0.1
~{.1 08 =04 0.4 0.1 0.9
M= 04 —-04 0.4 —-04 -0.4 -—-0.4

0.4 04 -04 20 04 0.4
09 -01 04 04 09 =01
-01 09 -04 04 -01 09

With a and M, we can compute the least-squares estimates 4 in the predic-
tion model:

v, = B,=(-1.56-1.69,2.44,—1.19)
4, Mp , =(28.1,8.1,-18.1,29.4,28.1,8.1)¢
Yo 8, —a'y , = 59.43 — (—29.99) = 89.42

1

Therefore the fitted canonical polynomial for the cake example 1s:

7 = 89.42 — 1.36x; — 1.6925 + 2. 4423 — 11924 + 281z 22+

Ririxs — 18.1z124 + 29.42,23 + 2812924 + 8. 12324 (3.31)

3.4 Analysis of Variance for Second-Order
PF Designs

When we are concerned with the predictions of the response surface, the
prediction model (3.26) is more convenient than the ANOVA model (3.23)
since it is tedious to compute f{z) every time. However, if we are interested
in the computations at the design points, such as the analysis of variance.
the ANOVA model is casier to use because f(z) is readily found. Recall that
D.=(1,2\,22), D, = (1, X1, Z3) and y is the n x | vector of observations.
The fitted ANOVA model (3.25) can be written in the following observational
form: )

y=D:8 (3.32)
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where

A

8 = (Boné i?B tz)t = %Diy

Under the usual assumptions that the model is an adequate representation
and that the errors of the observations are independent and have constant
variance o2, the variance of 8 is simply:

2

N o
var(8 )= —I

n

Since there are many choices for the coefficients that can give the same
surface, the variance of 3 may not be very interesting. We may be more
interested in the variance of the fitted values. Since:

.1
v =—-D,Diy
n

Therefore:
- vr(y) = £D.D:

Recall that n 1s the number of design points, ¢ is the number of factors, m
is the number of constraints. The analysis of variance is shown Table 3.5:

Source Sum of Squares d.f. Exp. Mean Square
Due to 3, ny I
Linear Effects nﬁ" ;Pﬂ“l g—m o? + ;,‘_%;ﬁ iPﬂ 1
At o
Quadratic Effects nB., 8, C3 o + %ﬁ 28,
Residual SHy—9)? n—-1l—-qg+m-C4 a?
Total Sry? n

Table 3.5 ANOVA for the 2nd-Order PF Designs

When ¢? is unknown, it is estimated by s° which is the mean residual
sum of squares, i.e.:

n Y]
2o iz (yi — 4:)
n—1—q+m-0C_3
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Example 1: The ANOVA for a Second Order PF Mix-
ture Design

Let us look at the mixture example given in Section 3.3.1. In this example,
n=38,¢g=3 m=1 Alo

= 144.875

= (0.625,9.875, —10.375)"

(2.125, —4.625,6.125)¢
2/3 -1/3 —1/3

(—1/3 2/3 -1/3)
~1/3 -1/3  2/3

’ﬁ E»E»éﬁ-’

il

Therefore, the ANOVA table is shown as follows:

Source Sum of Squares d.f. Mean Squares F-Value
B, 167910.1 1
Linear Effects 1644.3 2 822.2 1370
Quadratic Effects 507.4 3 169.1 282
Residual 1.2 2 0.6
Total 170063 8

Table 3.6: ANOVA for the Mixture Experiment in 3.3.1

Example 2: The ANOVA for a Second Order Design
under Multiple constraints

In the cake example in Section 3.3.2, the constrained design was the 2* PF
design. In this example,n =16, ¢ =4, m = 2. We have seen that:

B, = 59.44

B, = (-1.56,-1.69,2.44,-1.19)'

B, = (13.31,2.69,—6.69,7.06,12.44,3.06)’
1/4 —1/4 —1/4  1/4
—-1/4  3/4 —1/4 —1/4
—1/4 -1/4 3/4 -1/4

1/4 —1/4 -1/4 1/4

P =
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Plugging these values into Table 3.5, we have the ANOVA as follows:

Source Sum of Squares d.f. Mean Squares F-Value
Due to 3, 56525 1
Linear Effects 185 2 92.5 5.7
Quadratic Effects 7090 6 1181.7 73.4
Residual 113 7 16.1
Total 63913 16

Table 3.7 ANOVA for the Cake Example

Appendix

3.A Derived Power and Schliaflian Matrices

If x = (z1,22,...,2,)", then its derived power of degree 2 is defined to be
x where: .
x = (£, 23,..., J:?, V22,122, .. , ﬁzq_lxq)’

For example, when ¢ = 3:

X = (3:1:3:2:1‘3)t

X = (23,22,22, V2,22, V22173, V22223)
Let x = (zy,22,...,%4)",2 = (21,22,...,2,)" and:
x=Fz

where P is an ¢ x ¢ matrix. Then the Schlaflian matrix P[ is defined such
that:
2 = plaltal

[t is easily confirmed Lhat:

(PK)A = PRIg2]

where K is an another ¢ x ¢ matrix.
We claim the following result about Schlaflian matrices:
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If P is a projection, 1.e. Pt = P and P? = P, then so is P&,
Proof: By the construction of the Schliflian matrix, it is easy to see
that P12 is symmetric. To see PP = Pl note that Px = PPz = x.

Therefore:
x4 = ( Pz)l = Pl

Hence:
plixal = plal pl2ly{2]

Since x[?l is arbitrary,
pi2l = pi2l pl2]

Therefore PP is also a projection.
The projection P, in (3.11) can be chosen as follows:

1 . .
P.=}. P .
. piY

It is straightforward to prove that P, above is a projection.

3 B Generation of the matrix M in Mixture
Cases

The method for generating the matrix M which transforms the factorial con-
trasts to the least-squares estimates 4 , in the constrained model is as follows.
There are only three different numbers in M: 2, 1/2 and 0. To decide which
entry should have which number, first we write down the arrangement of the
indices of all two-factor interaction terms as the row headers and column
headers. For example, when there are 4 factors, there will be six two-factor
‘nteraction terms. Therefore, the row and column headers are 12. 13, 14, 23,
94 and 34 as in Table 3.B.1. To fill up the row corresponding to the index 13
in the column header, we look at the indices in the row header. If both 2 and
j appear in the column header, the number “2” should be filled in. If only
one (either i or j, regardless of the position) is present, the number “1/2”
should be filled in. If ncither i nor j is present, the number “07 is filled in. In
Table 3.B.1, for example, the row corresponding to the index 14 is 1/2, 1/2,
2,0, 1/2, and 1/2. This completes the third row. The other rows of M can
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be completed the same way. In other words, all the diagonal entries of M are
equal to 2. When the indices in the column header and the row header have
no common index, the corresponding entry is 0. All other entries are 1/2.

12 113 [14(23124 |34

12
13
tel1/2]1/2102 o |1/2]1/2
23
24
34

Table 3.B.1: Example for generating M

In Table 3.B.2 to Table 3.B.5, we give the matrix M for the 27 mixture
PF designs when ¢ =3,1,5 and 6.

12 13 | 23

1202 [1/2]1/2
1311/2]2 [1/2
23| 1/2]1/2 |2

Table 3.B.2: M when g =3

12 [13 [14 |23 |24 |34
1212 [1/2]1/2]1/2]1/2]0
1317212 (172|120 (1/2
14|1/21/212 o |1/211/2
ali2l1/2]0 |2 |1/2(1/2
al1/2lo |2{1y2)2 |1/2
31l0 |1/201/2]1/2)1/2]2

Table 3.B.3: M when g = 4
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12 [13 {14 [15 |23 |24 |25 {34 |33 |45

122 1/201/21/211/211/2(1/2|10 |0 0

13(1/212 /211/211/2(0 |0 1/21/2|0

14 (1/2(1/2)2 /2|0 /210 1/210 1/2

1511/211/211/252 |0 ;0 /210 1/211/2

2311/211/210 6 |2 1/281/2¢1/211/2{0

24 11/2 |0 1/2 |0 /202 1/2|11/2 |0 1/2

25|1/2|0 {0 1/2(1/2)1/2(2 |0 1/2|1/2

34 |0 1/211/2 |0 1/21/2(0 |2 1/211/2

350 1/210 1/211/2:0 1/211/212 1/2

4510 |0 1/211/210 t/2l1/211/2(1/2;2

Table 3.B.4: M when ¢ =5
12 113 [14 [15 [16 |23 124 [25 [26 [34 |35 |36 |45 |46 |56
122 1/201/201/211/2(1/2(1/2|1/2{1/2)0 0 0 0 0 |0
1311/2|2 1/211/211/211/2 10 0 |0 1/211/2(1/210 0 !0
1412017202 |y2iyelo fi/210 lo j1/2{0 o |1/2)1/2]0
15| 1/2(1/2(1/2 |2 /270 |0 1/2:0 10 /210 /210 1/2
6(1/21/2(1/211/212 (0 |0 {0 /210 0 /210 1/211/2
2311/211/210 0 |0 |2 1/2r1/2(/20/201/211/210 |0 |0
24 11/210 /210 |0 /212 /2 (1/211/2|0 |0 1/211/210
25|1/210 |o [i/2]0 |i2ii/2|2 [2|o (120 |i/2]0 (172
26 1/2|10 0 0 1/2(1/211/2(1/2,2 0 0 1/2 |0 1/211/2
3410 1/211/240 |6 [1/211/210 |0 2 1/211/211/211/2 |0
35310 /210 1/210 1/2 10 1/210 1/2]2 1/211/2|0 1/2
360 /210 |0 1/2|1/2(0 0 1/211/211/2 |2 0 1/211/2
4510 0 I/211/210 |0 1/211/2]0 1/211/210 2 1/2]1/2
4610 0 1/2 10 1/210 /2|0 1/2)11/2|0 1/211/2]2 1/2
5610 0 |0 1/211/2{0 0 1/211/210 t/at/2 /2122
Table 3.B.5: M when ¢ =6
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3.C Kronecker Product

Let _
A = (a;;) beam xn matrix

B = (b;) beakxl]matrix
Then the Kronecker product A ® B is a mk x nl matrix defined by:

anB (1128 PN alnB
A ® B _ ang GQ?B . GerB
amB @mzB ... @mnB

Let C be a nxu matrix and D be a Ixv matrix. The following result is

useful:
AC® BD=(A® B)(C® D)

The proof is straightforward.

35



Bibliography

[1]
[2]

3!

[4]

[5]

(6]

7

8]

Aitken,A.C.(1943), Determinants and Matrices, Oliver & Boyd, London.

Aitken,A.C.(1949), On the Wishart Distribution in Statistics,
Biometrika, 36, 56-62.

Box,G.E.P.(1982), Choice of Response Surface Design and Alphabetic
Optimality, Utilitas Mathematica, 21B, 791-799.

Box,G.E.P. and Draper,N.R.(1959), “A Basis for the Selection of a Re-
sponse Surface Dcsign”, J. Am. Statist. Assoc., 54, 622-654.

Box,G.E.P. and Draper,N.R.(1975), “Robust Designs”, Biometrika, 62,
347-352.

Box,G.E.P and Draper,N.R.(1982), “Measures of Lack of Fit for Re-
sponse Surface Designs and Predictor Variable Transformations”, Tech-
nometrics, 24, 1-8.

Box,G.E.P and Draper,N.R.(1987), “Empirical Model-Building and Re-
sponse Surfaces”, New York: John Wiley.

Box,G.E.P. and Hunter,J.S.(1957), Multifactor Erperimental Designs
for Fzploring Response Surfaces, Ann. Math. Statist., 28, 195-241.

Box,G.E.P., Huntcr,W.G. and Hunter,J.S.(1978), “Statistics for Ezxper-
imenters”, New York: John Wiley.

Box,G.E.P. and Wilson,K.B.(1951), “On the Ezperimental Attainment
of Optimum Conditions”, J. Roy. Statist. Soc, B13, 1-38, discussion
38-45.

36



[

[11] Cornell,J.A.(1981), “Ezperiments with Miztures”, New York: John Wi-
ley.

[12] Cornell,J.A.(1986), “A Comparison Between Two Ten-Point Designs for
Studying Three Component Mizture System”, J. Quality Tech., 18, 1-15.

(13] Cornell,J.A. and Khuri,A.L.(1987), “Response Surfaces: Designs and
Analyses”, ASQC Press.

[14] Fung, C. (1986), “Statistical Topics on Off-Line Quality Control”, Ph.D.
Thesis, University of Wisconsin - Madison.

[15] Koshal, R.S.,(1933), Application of the Method of Mazimum Likelihood
to the Improvement of Curves Fitted by the Method of Moments, J. Roy.
Statist. Soc., B4G, 558-563.

[16] McLean, R.A. and Anderson, V.L. (1966), “Ewtreme Vertices Design of
Mizture Ezperiments, Technometics, 8, 447-454.

[17) Scheffé,H.(1959) ~Ezperiments with Miztures”, J. Roy. Statist. Soc.,
B20, 344-360.

[18] Scheffé,1.(1963) -~Simplex-Centroid design for Experiments with Miz-
tures”, J. Roy. Statist. Soc., B25, 235-263.

[19] Seber,G.A.F(1977), “Linear Regression Analysis”, New York: John Wi-

lev.

37





