
REGULARIZED LINEAR PROGRAMS WITH EQUILIBRIUMCONSTRAINTS �O. L. MANGASARIANyAbstract. We consider an arbitrary linear program with equilibrium constraints (LPEC) thatmay possibly be infeasible or have an unbounded objective function. We regularize the LPECby perturbing it in a minimal way so that the regularized problem is solvable. We show that suchregularization leads to a problem that is guaranteedto have a solutionwhich is an exact solution to theoriginal LPEC if that problem is solvable, otherwise it is a residual-minimizing approximate solutionto the original LPEC. We propose a �nite successive linearization algorithm for the regularizedproblem that terminates at point satisfying the minimum principle necessary optimality conditionfor the problem.Key words. Linear programs with equilibrium constraints, regularization, exact penalty, con-cave minimization.AMS subject classi�cations. 90C05, 90C301. Introduction. We consider the following linear program with equilibriumconstraints: minx;y cTx + dTys. t. Ax + By � b � 00 � y ? Nx + My � q � 0x ; y � 0(1.1)where A 2 Rp�n; B 2 Rp�m; N 2 Rm�n; and M 2 Rm�m; are given matrices,c 2 Rn; d 2 Rm; b 2 Rp; and q 2 Rm, are given vectors, and ? denotes orthogonality,that is the scalar product of the two vectors appearing on either side of ? is zero. Thisis a special case of a mathematical program with equilibrium constraints [7] that hasimportant applications in machine learning [9, 11, 3]. Fukushima and Pang [6] werethe �rst to address the feasibility issue for a mathematical program with equilibriumconstraints (MPEC) similar to those of our LPEC (1.1) and point out that it isa di�cult problem in general. They gave su�cient conditions to ensure feasibility,which are not trivial to check, but did not address the question of handling possiblyinfeasible constraints. In the present work we wish to address this case as well asthe more general problem of an unsolvable LPEC via an exact penalty regularizationapproach. We note that exact penalty approaches have been proposed for solvableLPECs in [9] and for solvable MPECs in [15].We brie
y outline the contents of the paper now. In Section 2 we give a generalexact penalty result which shows that a �xed solution of a penalty problem, for anincreasing sequence of penalty parameters tending to in�nity, minimizes the penaltyterm. Such a solution also minimizes the objective function of the original unpenal-ized, possibly infeasible, problem over the set of minimizers of the penalty term. Ifthe penalty term minimum is zero then the original unpenalized problem is feasibleand solvable and a solution to it is obtained by the penalty function minimization.�This work was supported by National Science Foundation Grant CCR-9322479 and Air Force Of-�ce of Scienti�c Research Grant F49620-97-1-0326 as Mathematical Programming Technical Report97-13, November 1997. Revised January 1998.yComputer Sciences Department, University of Wisconsin, 1210 West Dayton Street, Madison,WI 53706, olvi@cs.wisc.edu. 1



2 O. L. MANGASARIANIn Section 3 we apply the penalty result to regularize the LPEC (1.1) and show thatsolving the regularized penalty problem, which consists of minimizing a piecewise-linear concave function on a polyhedral set, for any value of the penalty parameterexceeding some threshold, leads to a residual-minimizing solution to the LPEC whichis an exact solution if the LPEC is solvable. In Section 4 we propose a supergradient-based successive linearization algorithm, that terminates in a �nite number of stepsat a stationary point, for solving the regularized penalty problem for the LPEC. Asimilar supergradient-based algorithm has been proposed for a general linear comple-mentarity problem [14], and successfully used on the NP-complete knapsack feasibilityproblem [10].1.1. Notation and Background. A word about our notation and backgroundmaterial. All vectors will be column vectors unless transposed to a row vector by aprime superscript T . The scalar product of two vectors x and y in the n-dimensionalreal space Rn will be denoted by xT y. For a mathematical program minx2X f(x), wheref : Rn �! R, the notation arg minx2X f(x), will denote the set of solutions of themathematical program minx2X f(x), while arg vertex minx2X f(x) will denote the set ofvertex solutions of the same problem when X is polyhedral. For x 2 Rn and p 2[1;1), the norm kxkp will denote the p-norm: ( nXi=1 jxijp) 1p and kxk1 will denotemax1�i�n jxij. For x 2 Rn; (x+)i = max f0; xig; i = 1; : : : ; n: For an m�n matrix A; Aiwill denote row i of A and A�j will denote column j of A. The identity matrix in areal space of arbitrary dimension will be denoted by I; while a column vector of onesof arbitrary dimension will be denoted by e and a column vector of zeros of arbitrarydimension will be denoted by 0. The symbol := will denote a de�nition of the termappearing to the left of the symbol by the term appearing to the right of the symbol.For a set X 2 Rn ~X will denote its complement in Rn.2. Exact Penalty for Possibly Infeasible Problems. We derive in this sec-tion an exact penalty formulation for a possibly infeasible mathematical program andshow that such an exact penalty approach can yield an infeasibility-minimizing so-lution to the problem for the infeasible case and an exact solution for the solvablecase. We state this result in the following theorem which may be useful for handlinggeneral infeasible linear and nonlinear programs other than infeasible LPECs.Theorem 2.1. Exact Penalty for Inconsistent Problems. Consider thepossibly infeasible mathematical program minx2S\Tf(x) where f : ; 6= S � Rn �! R andT � Rn. Let the penalty Q : S �! R be de�ned such that:Q(x) = * > 0 on S \ ~T= 0 on S \ T ;(2.1)and let P (x; �) := f(x) + �Q(x); � � 0:(2.2)If for a sequence of positive numbers f�ig1i=0 " 1:�x 2 arg minx2S P (x; �i); i = 0; 1; : : : ;(2.3)then:



REGULARIZED LPEC 3(i) Q(�x) = infx2S Q(x) � 0.(ii) �x 2 arg minx2S P (x; �); 8� � �0.(iii) �x 2 arg minx2Sff(x) j Q(x) = infx2SQ(x)g.(iv) If infx2SQ(x) = 0, then �x 2 arg minS\Tf(x).Proof(i) Let �Q = infx2S Q(x) � 0. Suppose Q(�x) > �Q and we will exhibit a contradictionand hence Q(�x) = �Q. To show a contradiction let:� = Q(�x)� �Q4 > 0; x 2 S; such that Q(x) < �Q+ �;and choose ��i such that:��i > max f f(x) � f(�x)Q(�x)� �Q� 2� ; �0g:We then have the following contradiction:f(x) + ��i �Q+ ��i� > f(x) + ��iQ(x) = P (x; ��i) �P (�x; ��i) = f(�x) + ��iQ(�x) > f(x) + ��i �Q+ 2��i�;where the last inequality follows from the choice of ��i.(ii) Since f(x) � f(�x) + �0(Q(x)� Q(�x)) � 0; 8x 2 S;it follows, since Q(x)� Q(�x) � 0, 8x 2 S, that:f(x) � f(�x) + �(Q(x)� Q(�x)) � 0; 8x 2 S; 8� � �0:Hence P (x; �) � P (�x; �); 8x 2 S; 8� � �0:(iii) Suppose that x 2 S and Q(x) = Q(�x). Thenf(x) = f(x) + �0(Q(x)�Q(x)) = P (x; �0)� �0Q(x) �P (x; �0)� �0Q(�x) � P (�x; �0) � �0Q(�x) = f(�x):Hence, �x 2 arg minx2Sff(x) j Q(x) � Q(�x) = infx2S Q(x)g:(iv) This follows directly from (iii) and the de�nition (2.1) of Q(x) which impliesthat x 2 T if infx2SQ(x) = 0.Remark 2.2. For special classes of important problems that arise in ma-chine learning and data mining [11, 2, 13] where P (x; �) is concave in x and S isa polyhedral set without straight lines going to in�nity in both directions, such asproblem (3.8) below, the point �x of Theorem 2.1 is any repeated vertex solution ofminx2S P (x; �i); f�ig1i=0 " 1. Although it is not easy to get such a globally optimal



4 O. L. MANGASARIANrepeated vertex, a stationary repeated vertex can be easily obtained by successive lin-earization algorithms such as Algorithm 4.1 below. Such stationary vertices turn outto be very useful in machine learning and data mining applications [11, 2, 13].In a related weaker result, Tikhonov and Arsenin [19, Theorem 1, p 101] establishasymptotic convergence of an inexact quadratic penalty function solution for the veryspecial case of projecting a point on a possibly empty solution set of a system oflinear equations. They show convergence to a projection of the point onto the setof solutions of the normal equations of the linear system when the linear system isinfeasible. In contrast for example, Part (iii) of the above theorem shows how the BigM Method of linear programming [17, pp 81-82] can terminate at an optimal solutionover the set of infeasibility minimizers when a linear program is infeasible.We turn our attention now to LPECs that may possibly be infeasible or whoseobjective may be unbounded.3. LPEC Regularization. We consider now the LPEC (1.1) with no assump-tions on feasibility or boundedness of the objective function to start with. We �rstregularize the underlying linear program to the LPEC (1.1), that is problem (1.1)with the complementarity condition removed, and make it solvable in case it is not.Hence if the underlying linear program to the LPEC (1.1) is solvable or regularized tobe so, the LPEC (1.1) will have a bounded objective function if it is feasible. This isis so because the feasible region of the LPEC (1.1) is a subset of the feasible region ofthe underlying linear program, and both problems have the same objective function.This preliminary regularization can be achieved [12, Theorem 2.2] by appropriatelymodifying the underlying linear program by solving:minz kz � (z �Hz � h)+k1;(3.1)which is a regularization of the linear complementarity problem associated with thelinear program underlying LPEC (1.1):0 � z ? Hz + h � 0:(3.2)Here H = 2664 0 0 �AT �NT0 0 �BT �MTA B 0 0N M 0 0 3775 ; h = 2664 cd�b�q 3775 ; z = 2664 xyuv 3775 :(3.3)We note that because of the skew symmetry ofH, the regularization problem (3.1) canbe rewritten as a linear program and its solution can be used to generate a solvableunderlying linear program for LPEC (1.1) [12, Equation (9)]. For further details aboutthis regularization we refer the interested reader to [12, Theorem 2.2]. Another andsimpler regularization of the linear program underlying LPEC (1.1) is one where thecoe�cients c; d; b; q of LPEC (1.1) are replaced by �c; �d;�b; �q as follows:�c = c + �r1; �d = d+ �r2; �b = b� �s1; �q = q � �s2;(3.4)



REGULARIZED LPEC 5where (�s1; �s2) and (�r1; �r2) are solutions of the following \Phase I" primal and duallinear programs:(�x; �y; �s1; �s2) 2 arg minx;y;s1;s2 8<:eT s1 + eT s2 ������ Ax+ By + s1 � b;Nx+My + s2 � q;(x; y; s1; s2) � 0 9=;(�u; �v; �r1; �r2) 2 arg minu;v;r1;r2 8<:eT r1 + eT r2 ������ ATu+NT v � r1 � c;BTu+MTv � r2 � d;(u; v; r1; r2) � 0 9=;(3.5)We note that for LPECs arising in machine learning [9, 11, 3] there is no need forthis preliminary regularization in as much as the underlying linear programs thereare feasible and solvable. For the rest of the paper we shall assume that such aregularization as given by replacing c; d; b; q by �c; �d;�b; �q of (3.4) has been either carriedout or is un-necessary and for simplicity of notation we shall not replace c; d; b; q by�c; �d;�b; �q as would be required if such a regularization takes place. Note that thispreliminary regularization, which renders the underlying linear program solvable, doesin no way ensure that the LPEC is solvable. It was pointed out in [6] that suchfeasibility of the underlying linear program does not ensure feasibility of the LPECconstraints. In fact one of the main objectives of this work is the ability to handleLPECs that may not have a solution. Hence starting with an LPEC (1.1) for whichthe underlying linear program is solvable, either through a preliminary regularizationas described above or because it is naturally so, we de�ne a regularized problem whichis guaranteed to be solvable as follows. (We note in passing that we can forgo thispreliminary regularization and pass on the regularization process in its entirety to oneLPEC regularization process which would be considerably more complicated than theproposed one. For the sake of simplicity and because machine learning LPECs needno such preliminary regularization, we opt for the simpler regularization presentedbelow.)We de�ne now two sets associated with the LPEC (1.1) which will be used inapplying Theorem 2.1 to obtain our principal result.S := f(x; y) j Ax+By � b; Nx+My � q; (x; y) � 0gT := f(x; y) j y ? Nx+My � qg:(3.6)We state our principal regularization result now.Theorem 3.1. LPEC Regularization Let S be nonempty, let cTx + dT y bebounded below on S and consider the following penalty problem:min(x;y)2S cTx+ dTy + �eT minfy; Nx+My � qg; � � 0(3.7)Then the following hold:(i) The penalty problem (3.7) has a vertex solution for each � � 0.(ii) There exist �x and �0 � 0 such that for all � � �0�x 2 arg vertex min(x;y)2S cTx+ dTy + �eT minfy; Nx+My � qg(3.8)(iii) Furthermore, each �x that satis�es (ii) solves the following residual-minimizingproblem:min(x;y) fcTx+ dT y j (x; y) 2 arg min(x;y)2S eT minfy; Nx+My � qgg(3.9)



6 O. L. MANGASARIAN(iv) If min(x;y)2S eT minfy; Nx +My � qg = 0 then each �x that satis�es (ii) is anexact solution of the LPEC (1.1).Proof(i) Since the concave objective function of the penalty problem (3.7) is boundedbelow on the nonempty polyhedral region that contains no lines that go toin�nity in both directions, it must by [18, Corollary 32.3.4] have a vertexsolution.(ii) Since S has a �nite number of vertices, then there exists a sequence of positivenumbers f�ig1i=0 " 1 such that:�x 2 arg vertex minx2S cTx+dT y+�eT minfy; Nx+My�qg; 8� 2 f�ig1i=0 " 1:The result now follows from Theorem 2.1(i)-(ii).(iii) Follows from Theorem 2.1(iii).(iv) Follows from Theorem 2.1(iv).It is interesting to note that the penalty term that multiplies the parameter �in the penalty problem (3.7) is the natural error residual for the complementarityproblem 0 � y ? Nx+My� q � 0 that appears in the constraints of LPEC (1.1) andconstitutes a local error bound for the general linear complementarity problem, anda global error bound for M 2 R0, the class of matrices M for which 0 is the uniquesolution to the homogeneous linear complementarity problem: 0 � y ? My � 0[8, 16].We turn our attention now to solution methods for the regularized problem.4. Successive Linearization Algorithm. We propose here a �nite successivelinearization algorithm introduced in [14] that utilizes a supergradient of the piecewise-linear concave objective function of the penalty problem (3.7) as follows.Algorithm 4.1. Successive Linearization Algorithm Choose � > 0. Startwith an arbitrary (x0; y0) 2 Rn+m. Having (xi; yi) determine (xi+1; yi+1) as follows:(xi+1; yi+1) 2 arg vertex min(x;y)2S� cT (x� xi) + dT (y � yi)+�(@x�(xi; yi)T (x� xi) + @y�(xi; yi)T (y � yi)) � ;(4.1)where �(x; y) is the penalty term of (3.7), that is:�(x; y) := eT minfy; Nx+My � qg;(4.2)and @x�(x; y), @y�(x; y) are supergradients of �(x; y) with respect to x and y respec-tively, that is:@x�(x; y) =Pmj=1* 0 if yj < Njx+Mjy � qj(1� �j)0 + �jNj if yj = Njx+Mjy � qj; 0 � �j � 1Nj if yj > Njx+Mjy � qj +@y�(x; y) =Pmj=1* Ij if yj < Njx+Mjy � qj(1� �j)Ij + �jMj if yj = Njx+Mjy � qj; 0 � �j � 1Mj if yj > Njx+Mjy � qj +(4.3)Stop if (xi; yi) is a solution of (4.1).By using [14, Theorem 3] �nite termination of the above algorithm can be estab-lished as follows.



REGULARIZED LPEC 7Theorem 4.2. Finite Termination The Successive Linearization Algorithm4.1 generates a �nite sequence of points with strictly decreasing objective functionvalues for the penalty problem (3.7). The sequence terminates at a point (x�i; y�i) 2 Sthat satis�es the minimum principle necessary optimality condition for (3.7):cT (x�x�i)+dT (y�y�i)+�(@x�(x�i; y�i)T (x�x�i)+@y�(x�i; y�i)T (y�y�i)) � 0; 8(x; y) 2 S:(4.4)We note that the bilinear algorithmof [10] for solving the knapsack feasibility problemas a linear complementarity problem can be interpreted as a special case of Algorithm4.1 with a �xed �j = 0. That bilinear algorithm solved 80 consecutive instances ofthe knapsack LCP ranging in size between 10 and 3000 without failure. This is anindication that the proposed Algorithm 4.1 may be e�ective for classes of LPECs.5. Summary and Future Work. We have proposed an always-solvable reg-ularization of a completely general LPEC. The regularized problem is a piecewiselinear concave minimization problem on a polyhedral set that generates a residual-minimizing solution to the original LPEC which is an exact solution if the LPEC issolvable. A �nite successive linearization algorithm is proposed for solving the reg-ularized problem that terminates at a stationary point. A smoothing of the penaltyproblem (3.7) objective function using a smoothing of the plus-function proposed in[4, 5] can also be used and can be shown to lead to an exact solution the penaltyproblem (3.7) for a �nite value of the penalty parameter as was done in [1]. Theencouraging computational results of [10] on a special case of the proposed algorithmon an NP-hard problem is a possible indicator of the possible e�ectiveness of theproposed algorithm for solving the regularized LPEC.
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